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FIBRANT RESOLUTIONS FOR MOTIVIC THOM SPECTRA
GRIGORY GARKUSHA AND ALEXANDER NESHITOV
ABSTRACT. Using the theory of framed correspondences developed by Voevodsky [24] and the
machinery of framed motives introduced and developed in [6], various explicit fibrant resolutions
for a motivic Thom spectrum E are constructed in this paper. It is shown that the bispectrum
MGE (X) = (ME (X),ME(X)(1),ME(X)(2), . . .),
each term of which is a twisted E-framed motive of X , introduced in the paper, represents X+∧E
in the category of bispectra. As a topological application, it is proved that the E-framed motive
with finite coefficients ME(pt)(pt)/N, N > 0, of the point pt = Speck evaluated at pt is a quasi-
fibrant model of the topological S2-spectrum Reε(E)/N whenever the base field k is algebraically
closed of characteristic zero with an embedding ε : k →֒C. Furthermore, the algebraic cobordism
spectrumMGL is computed in terms of Ω-correspondences in the sense of [15]. It is also proved
thatMGL is represented by a bispectrum each term of which is a sequential colimit of simplicial
smooth quasi-projective varieties.
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1. INTRODUCTION
Voevodsky [24] introduced framed correspondences in order to suggest a new approach to
stable motivic homotopy theory. In [6] the machinery of (big) framed motives is developed
making the Morel–Voevodsky stable motivic homotopy theory into a local theory of framed bis-
pectra. One of the key computations of [6] is to give explicit fibrant resolutions of the suspension
spectra/bispectra of smooth algebraic varieties.
In this paper we extend the machinery of framed motives to “E-framed motives”, where E is
a motivic Thom T -spectrum. By definition, E is called a Thom spectrum if every space En has
the form
En = colimiEn,i, En,i =Vn,i/(Vn,i−Zn,i),
where Vn,i →Vn,i+1 is a directed sequence of smooth varieties, Zn,i → Zn,i+1 is a directed system
of smooth closed subschemes inVn,i.We say that a Thom spectrum E has the bounding constant
d if d is the minimal integer such that codimension of Zn,i inVn,i is strictly greater than n−d for
all i,n. If E is also symmetric then it is said to be a spectrum with contractible alternating group
action, if for any n and any even permutation τ ∈Σn there is anA1-homotopy En→Hom(A1,En)
between the action of τ and the identity map. In other words, E neglects the action of even
permutations up to A1-homotopy. The most interesting examples of such symmetric Thom
spectra, all of which have the bounding constant d = 1, are given by the spectra MGL, MSL
or MSp (the latter two are regarded as T 2-symmetric spectra for which the above definitions
remain the same). If we regard E as a P1-spectrum, denote by Θ∞(E) the standard stabilization
colimnHom(P
∧n,E[n]) of E . Taking the Suslin complex at each level, we get a P1-spectrum
C∗Θ∞(E).
Our first computation (see Theorem 5.2) is as follows.
Theorem. Let E be a Thom spectrum with the bounding constant d. Let C∗Θ∞(E) f be a spec-
trum obtained from C∗Θ∞(E) by taking a level local fibrant replacement. Then the spectrum
C∗Θ∞(E) f is motivically fibrant starting from level max(0,d) and is stably equivalent to E.
If E is a symmetric T -spectrum, then there is another natural stabilization functor Θ∞sym(E)
(see Definition 6.2). It is different from Θ∞(E) and involves actions of certain permutations on
E . As above, we can take the Suslin complex at each level and form a P1-spectrum C∗Θ∞sym(E).
Given a Thom T -spectrum E , denote by FrEn (X) the space Fr
E
n (X) =Hom(P
∧n,X+∧En) and
FrE(X) := colimnFr
E
n (X) = Θ
∞(X+ ∧E)0. By the Voevodsky lemma 2.12 FrEn (X) and FrE(X)
have an explicit geometric description. We can similarly define the sheaves FrE(T i), i > 0. Al-
together they form a P1-spectrum FrE(ST ) := (Fr
E(S0),FrE(T ),FrE(T 2), . . .). As usual, denote
by C∗FrE(ST ) the P1-spectrum obtained from FrE(ST ) by taking the Suslin complex levelwise.
The next computation (see Theorem 8.1) gives the following fibrant resolutions of E (starting
from some level).
Theorem. For a symmetric Thom T-spectrum E with the bounding constant d and contractible
alternating group action the following P1-spectra are isomorphic to E in SH(k) and motivically
fibrant starting from level max(0,d):
• C∗FrE(ST ) f
• C∗Θ∞(E) f
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• C∗Θ∞sym(E) f ,
where “ f” refers to levelwise local fibrant replacements of the corresponding spectra.
Our next goal is to represent a Thom spectrum E in the category of (S1,G∧1m )-bispectra and
construct an explicit fibrant resolution for it. To this end, we introduce and study in Section 9
E-framed motives of smooth algebraic varieties ME(X), X ∈ Smk. They are defined similar to
framed motives introduced in [6] and are explicit sheaves of S1-spectra.
The main result here (see Theorem 9.13) is as follows.
Theorem. Suppose X ∈ Smk and E is a symmetric Thom T-spectrum with the bounding con-
stant d and contractible alternating group action.
(1) If d = 1 then the (S1,G∧1m )-bispectrum
MGE (X) f := (ME(X) f ,ME(X+∧G∧1m ) f ,ME(X+∧G∧2m ) f , . . .)
is motivically fibrant and represents the T -spectrum X+∧E in the category of bispectra, where
“ f” refers to stable local fibrant replacements of S1-spectra.
(2) If d < 1 then the (S1,G∧1m )-bispectrum
MGE (X) f := (ME(X) f ,ME(X+∧G∧1m ) f ,ME(X+∧G∧2m ) f , . . .)
is motivically fibrant and represents the T -spectrum X+∧E in the category of bispectra, where
“ f” refers to level local fibrant replacements of S1-spectra.
(3) If d > 1 then the (S1,G∧1m )-bispectrum
Ωd−1
S1∧G∧1m ((ME[d−1](X) f ,ME[d−1](X+∧G
∧1
m ) f ,ME[d−1](X+∧G∧2m ) f , . . .))
is motivically fibrant and represents the T -spectrum X+∧E in the category of bispectra, where
“ f” refers to stable local fibrant replacements of S1-spectra. Here E[d − 1] stands for the
(d−1)-th shift of E in the sense of Definition 2.6. Another equivalent model for the T -spectrum
X+∧E in the category of bispectra is given by
Ωd−1
S1∧G∧1m ((MT d−1∧E(X) f ,MT d−1∧E(X+∧G
∧1
m ) f ,MT d−1∧E(X+∧G∧2m ) f , . . .)).
This bispectrum is motivically fibrant and “ f” refers to stable local fibrant replacements of
S1-spectra.
We use the preceding theorem to get the following topological application (see Theorem 10.3).
Theorem. Let k be an algebraically closed field of characteristic zero with an embedding
ε : k →֒ C. Suppose E is a symmetric Thom T-spectrum with the bounding constant d 6 1
and contractible alternating group action. Then for all integers N > 1 and n ∈ Z, the natural
realisation functor Reε : SH(k)→ SH in the sense of [17] induces an isomorphism
pin(ME(pt)(pt);Z/N) ∼= pin(Reε(E);Z/N)
between stable homotopy groups with modN coefficients.
We can simplify E-framed motives further by removing a bit of information in the definition
of E-framed correspondences. In this way we arrive at “normal framed motives M˜E(X)” (see
Definition 11.21). They are of great utility in computing the algebraic cobordism spectrumMGL
(see below).
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We prove the following result (see Theorem 11.23) computing E in terms of normal framed
motives.
Theorem. Suppose X ∈ Smk and E is a symmetric Thom T-spectrum with the bounding con-
stant d = 1 and contractible alternating group action. Then we have a (S1,G∧1m )-bispectrum
M˜GE (X) f := (M˜E(X) f ,M˜E(X+∧G∧1m ) f ,M˜E(X+∧G∧2m ) f , . . .),
which is motivically fibrant and represents the T -spectrum X+∧E in the category of bispectra,
where “ f” refers to stable local fibrant replacements of S1-spectra.
The last section is dedicated to further fibrant models representing the algebraic cobordism
spectrum MGL in the category of bispectra. We first introduce Nisnevich sheaves Emb(−,X) =
colimnEmbn(−,X), X ∈ Smk, where Embn(U,X) is the set of couples (Z, f ) such that Z is
a closed l.c.i. subscheme in AnU , finite and flat over U , and f is a regular map f : Z → X .
For U,X ∈ Smk we also denote by CorΩn (U,X) the groupoid with objects given by the set
Embn(X ,Y ) whose morphisms between (Z1, f1) and (Z2, f2) are isomorphisms α : Z1 → Z2
such that piZ2α = piZ1 and f2α = f1, where piZi denotes the projection piZi : Zi → AnX → X . There
are natural stabilization maps CorΩn (−,X)→ CorΩn+1(−,X) induced by the natural inclusions
A
n
U → An+1U . Denote by CorΩ(−,X) the colimit colimnCorΩn (−,X).
In Theorem 12.15 we compute MGMGL(X) as follows.
Theorem. For X ∈ Smk there is a natural levelwise stable local equivalence between (S1,G∧1m )-
bispectra MGMGL(X) and
(C∗Emb(X+∧S),C∗Emb(X+∧G∧1m ∧S), . . .)
or
(C∗NCorΩ(X+∧S),C∗NCorΩ(X+∧G∧1m ∧S), . . .).
Here “N” refers to the nerve of isomorphisms. In particular, the (S1,G∧1m )-bispectra
(C∗Emb(X+∧S) f ,C∗Emb(X+∧G∧1m ∧S) f , . . .)
and
(C∗NCorΩ(X+∧S) f ,C∗NCorΩ(X+∧G∧1m ∧S) f , . . .)
are motivically fibrant and represent the T -spectrum X+ ∧MGL in the category of bispectra,
where “ f” refers to stable local fibrant replacements of S1-spectra.
Wefinish the paper by the following application of the preceding theorem (see Theorem 12.16).
Theorem. The (S1,G∧1m )-bispectrum MGMGL(X) is isomorphic in SH(k) to a bispectrum
(EX+∧S,EX+∧G
∧1
m ∧S, . . .),
each term of which is given by a sequential colimit of simplicial smooth quasi-projective vari-
eties EX+∧G
∧i
m ∧S j , i, j > 0.
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Throughout the paper we denote by Smk the category of smooth separated schemes of finite
type over the base field k. We shall assume that k is infinite perfect of characteristic different
from 2 for the reason that the main result of [7] says that over such fields for any A1-invariant
quasi-stable radditive framed presheaf of Abelian groups F , the associated Nisnevich sheaf
Fnis is strictly A
1-invariant. However, as soon as the mentioned result of [7] about strict A1-
invariance of Fnis is extended to (infinite) perfect fields of any characteristic, then the main
results of this paper will automatically be extended to such fields as well. By a motivic space
we shall mean a pointed simplicial Nisnevich sheaf on Smk. If otherwise is specified, we choose
the flasque local/motivic model structures on motivic spaces (respectively S1- or P1-spectra of
motivic spaces) in the sense of [11].
Acknowledgements. The authors thank Marc Hoyois and Ivan Panin for helpful discussions.
2. PRELIMINARIES
In this section we collect basic facts about spectra and motivic spaces with framed correspon-
dences.
2.1. Spectra of Thom type.
2.1. Definition. For every space X denote by C∗X its Suslin complex. It is the diagonal of the
bisimplicial sheaf (n,m) 7→ Hom(∆nk,Xm) where Xm is the sheaf of m-simplices of X .
2.2. Definition. Given two spaces X ,Y and maps f ,g : X →Y ,
• a simplicial homotopy between f and g is a map H : X ∧∆[1]+ → Y such that the com-
position Hi0 = f and Hi1 = g, where i0, i1 : X → X ∧∆[1]+ are the face maps;
• an A1-homotopy between f and g is a map H : X → Hom(A1,Y ) such that i∗0H = f and
i∗1H = g, where i0, i1 : Hom(A
1,Y )→Y are maps induced by zero and unit embeddings
of pt into A1.
2.3. Remark. Every A1-homotopy H : X → Hom(A1,Y ) between f and g gives rise to a sim-
plicial homotopy H ′ : C∗X ∧∆[1]+ →C∗Y between f and g.
2.4. Convention. We shall use the following notation:
• For brevity, we shall often write (A,B) to denote Hom(A,B), where A and B are motivic
spaces. We shall use the canonical map
(A,B)∧C→ (A,C∧B)
which is adjoint to
(A,B)
C∧id−−−→ (C∧A,C∧B) = (C,(A,C∧B).
When C and B are distinct spaces we shall often compose the previous map with the
twist isomorphism tw : C∧B→ B∧C to get the map
(A,B)∧C→ (A,B∧C).
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• If there is no likelihood of confusion, we shall use the equality sign P∧m∧P∧n = P∧n∧
P
∧m for the associativity isomorphism
P
∧m∧P∧n ∼= P∧m+n ∼= P∧n∧P∧m.
We denote by tw the twist isomorphism
tw : P∧m∧P∧n → P∧n∧P∧m.
• For any m,n we shall identify the spaces (via associativity isomorphisms)
(P∧m,(P∧n,X)) = (P∧m∧P∧n,X) = (P∧n∧P∧m,X) = (P∧n,(P∧m,X)).
Let T be the pointed Nisnevich sheaf A1/(A1− 0). A T-spectrum is a sequence of spaces
En together with bonding maps, denoted by u. In what follows we work with right spectra, and
so each bonding map is a map u : En ∧ T → En+1. Denote by Σn the nth symmetric group. A
symmetric T -spectrum is a spectrum E together with a left action of Σn on En such that the
bonding maps satisfy the relevant equivariance properties.
2.5.Definition. Given τ ∈Σn we shall write τ = (τ(1), . . . ,τ(n)). The reader should not confuse
this notation with cyclic permutations. For any n,m, denote by χn,m ∈ Σn+m the obvious shuffle
permutation χn,m = (n+1, . . . ,n+m,1, . . . ,n).
If we denote by ST the symmetric motivic sphere T -spectrum (S
0,T,T 2, . . .), then any sym-
metric T -spectrum is a right module over the monoid ST in the category of symmetric se-
quences [10, 7.2].
2.6. Definition. Given a symmetric T -spectrum E and n> 0, denote by ul : T ∧En → En+1 the
composition
T ∧En tw−→ En∧T u−→ En+1
χn,1−−→ E1+n.
Observe that the maps give a map of symmetric T -spectra ul : T ∧E → E[1]. Here E[1] is
the shift symmetric spectrum whose spaces are given by E[1]n = E1+n with action of Σn by
restriction of the Σ1+n-action on E1+n along the obvious embedding Σn →֒ Σ1+n taking τ ∈ Σn to
1⊕ τ ∈ Σ1+n. The structure maps of E[1] are the reindexed structure maps for E . In turn, T ∧E
is the suspension spectrum of E whose spaces are defined as (T ∧E)n = T ∧En. The symmetric
group Σn acts on T ∧En through the given action on En and trivially on T . Each structure map
is the composite
(T ∧E)n∧T ∼= T ∧ (En∧T) id∧un−−−→ (T ∧E)n+1.
2.7. Definition. A symmetric spectrum E is said to be a spectrum with contractible alternating
group action, if for any n and any even permutation τ ∈ Σn there is an A1-homotopy En →
Hom(A1,En) between the action of τ and the identity map. In other words, E neglects the
action of even permutations up to A1-homotopy.
2.8. Definition. A T -spectrum E is called a Thom spectrum if every space En has the form
En = colimiEn,i, En,i =Vn,i/(Vn,i−Zn,i),
where Vn,i →Vn,i+1 is a directed sequence of smooth varieties, Zn,i → Zn,i+1 is a directed system
of smooth closed subschemes in Vn,i.
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We shall say that a Thom spectrum E has the bounding constant d if d is the minimal integer
such that codimension of Zn,i in Vn,i is strictly greater than n−d for all i,n.
2.9. Example. The suspension spectrum Σ∞X+=X+∧ST and the algebraic cobordism spectrum
MGL of [23] (see also [16, 18]) are examples of symmetric Thom spectra with the bounding
constant 1 and contractible alternating group action.
If E is a Thom T -spectrum with the bounding constant d > 0, then its nth shift E[n] (see
Definition 2.6) as well as the spectrum T n ∧E , n > 0, is a Thom spectrum with the bounding
constant d− n. In turn, its negative shift E[−n] = (∗, . . . ,∗,E0,E1, . . .) having E0 in the nth
entry is a Thom T -spectrum with the bounding constant n+ d. By definition, the trivial Thom
spectrum ∗= (∗,∗, . . .) has the bounding constant +∞.
In practice we also deal with symmetric Thom T 2-spectra like MSL or MSp (see [18] for
definitions). The category SpΣ
T 2
(k) of symmetric T 2-spectra is zig-zag Quillen equivalent to the
category of symmetric T -spectra SpΣT (k) (with respect to the stable motivic model structure on
both categories). The proof is similar to that of [17, A.44]. We also say that a Thom T 2-spectrum
E has the bounding constant d if d is the minimal integer such that codimension of Zn,i inVn,i is
strictly greater than 2n−d for all i,n. The Thom T 2-spectra MSL and MSp have the bounding
constant d = 1.
By construction (see [18]), the action of the symmetric group Σn on the spaces MSL2n and
MSp2n factors through the action of SL2n and Sp2n respectively. Since SL2n and Sp2n are
semisimple simply-connected groups, the sets of k-points SL2n(k) and Sp2n(k) are generated
by the root subgroups Uα(k) (see [19]). Since every root subgroup Uα is isomorphic to the
affine line A1k , we have that for every element A of G = SL2n or G = Sp2n there exists a map
h : A1k → G such that h(0) = I,h(1) = A. It follows that MSL and MSp are T 2-spectra with
contractible alternating group action as well.
2.10. Lemma. For the standard inclusion Σn → GLn(k) and for any even permutation τ there
is an A1-curve L : A1k →GLn such that L(0) = I is the identity matrix and L(1) = τ .
Proof. Since τ is even, its image belongs to SLn(k). Therefore there is an A
1-homotopy con-
necting the image of τ with the identity matrix. 
In order to avoid a heavy presentation, from now on we shall deal with Thom T-spectra only.
The interested reader will be able to prove the relevant results for Thom T 2-spectra as well.
2.11. Definition. There is a functorial fibrant replacement of motivic spaces X → X f in the
flasque Nisnevich local model structure (e.g. given by controlled fibrant models in the sense
of [12, Section 1.2]) such that for any P1-, T - or S1-spectrum E = (E0,E1, . . .) the sequence
E f = (E f0 ,E
f
1 , . . .) can be canonically equipped with a structure of a spectrum and E → E f is a
map of spectra.
2.2. The Voevodsky Lemma. One of the key facts in the theory of framed correspondences is
the following lemma of Voevodsky that computes Hom-sets between certain Nisnevich sheaves.
Its proof can be found in [6, Section 3].
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2.12. Lemma (Voevodsky’s Lemma). For X ,Y ∈ Smk and a closed subset X ′ of X and open
subset V of Y the set
HomShv•(X/X
′,Y/V )
is in a natural bijection with the set of equivalence classes of triples (U,Z,φ), where Z is a
closed subset of X disjoint with X ′, U is an e´tale neighborhood of Z in X and φ : U → Y is a
regular map such that φ−1(Y −V ) = Z. By definition, two triples (U,Z,φ) and (U ′,Z′,φ ′) are
equivalent if Z = Z′ and φ ,φ ′ coincide on some common etale neighbourhood of Z in X.
2.13. Corollary. For any Thom spectrum E there is a natural isomorphism of motivic spaces
Hom(P∧m,En)∼= Hom(Pm/Pm−1,En).
As a consequence, the Σm-action on Hom(P
∧m,En) permuting factors of P∧m can be extended to
an action of GLm(k) (it naturally acts on P
m/Pm−1), and thus for any even permutation τ ∈ Σm
there is an A1-homotopy between the action of τ and the identity map of Hom(P∧m,En).
Proof. By Definition 2.8 En = colimiEn,i, where En,i = Vn,i/(Vn,i − Zn,i). For any X ∈ Smk
Lemma 2.12 implies both sets Hom(X+∧P∧m,En,i) and Hom(X+∧Pm/Pm−1,En,i) are naturally
isomorphic. They are described up to isomorphism of sets (see [6, Section 3]) as the equiva-
lences classes of triples (U,Z,φ), where Z is a closed subset of AmX , finite over X ,U is its e´tale
neighborhood and φ : U →Vn,i is such that φ−1(Zn,i) = Z. 
2.14. Definition. Following [6] for X ,Y ∈ Smk and an open subscheme U of Y , we set
Frn(X ,Y/U) := HomShv•(X+∧P∧n,(Y/U)∧T n).
Frn(X ,Y/U) is pointed at the empty correspondence or, equivalently, at the zero map. By smash-
ing the elements of Frn(X ,Y/U) with the canonical motivic equivalence σ : P
∧1 → T , we get a
map of pointed sets Frn(X ,Y/U)→ Frn+1(X ,Y/U). Denote by
Fr(X ,Y/U) := colimn(· · · → Frn(X ,Y/U)→ Frn+1(X ,Y/U)→ ··· ).
We shall also write C∗Fr(Y/U) to denote the Suslin complex associated to the Nisnevich sheaf
X 7→ Fr(X ,Y/U) (see Definition 2.1).
More generally, we can define the sets Frn(X ,G ) := HomShv•(X+ ∧P∧n,G ∧ T n), Fr(X ,G )
for every pointed Nisnevich sheaf G as well as the Suslin complex C∗Fr(G ) associated to the
Nisnevich sheaf X 7→ Fr(X ,G ).
Below we shall often deal with sheaves of the form
Hom(P∧i,Frn(Y/U)), i,n> 0.
By Voevodsky’s Lemma its value at X ∈ Smk consists of the triples (W,Z,φ), where Z is a
closed subset of Ai+nX , finite over X , W is its e´tale neighborhood and φ : W → Y is such that
φ−1(Y −U) = Z.
2.15. Proposition (Additivity Theorem). Suppose X ,X ′ ∈ Smk and Z,Z′ are closed subsets of
X and X ′ respectively. Denote Y = X/(X − Z),Y ′ = X ′/(X ′− Z′). Then for every i > 0 the
canonical map
Hom(P∧i,C∗Fr(Y ∨Y ′))→ Hom(P∧i,C∗Fr(Y ))×Hom(P∧i,C∗Fr(Y ′))
is a schemewise weak equivalence.
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Proof. The proof is like that of the Additivity Theorem of [6]. 
2.16. Corollary. Let Γop be the category of finite pointed sets and pointed maps. Under the
notation of Proposition 2.15 the association
K ∈ Γop 7→ Hom(P∧i,C∗Fr(Y ∧K))
is a special Γ-space in the sense of Segal [21]. As a result, the Segal S1-spectrum
Hom(P∧i,M f r(Y )) = Hom(P∧i,C∗Fr(Y ∧S))
is sectionwise positively fibrant. Here S= (S0,S1,S2, . . .) is the sphere spectrum and M f r(Y ) :=
C∗Fr(Y ∧S) is the framed motive of Y in the sense of [6].
3. THE FUNCTOR Θ∞ AND THE LAYER FILTRATION
If there is no likelihood of confusion, we shall often regard T -spectra as P1-spectra by
means of the canonical motivic equivalence σ : P∧1 → T . Given a T -spectrum E , denote by
u∗ : Ei → Hom(P∧1,Ei+1) the adjoint to the bonding map. Following Jardine [12, §2], we give
the following definition.
3.1. Definition. Denote by E ∧T the fake T -suspension spectrum with terms (E ∧T )i = Ei∧T
and bonding maps given by
(Ei∧T)∧T u∧T−−→ Ei+1∧T.
It is important to note that the bonding maps do not permute two copies of T on the left. De-
note by Ωℓ(E) the fake loop P1-spectrum with terms Ωℓ(E)i = Hom(P
1,Ei) and bonding maps
adjoint to
Hom(P∧1,Ei)
u∗−→ Hom(P∧1,Hom(P∧1,Ei+1)).
We notice again that two copies of P∧1 on the right are not permuted.
3.2. Definition. We denote by E[1] the shifted T -spectrum E[1]i = Ei+1. Its bonding maps
u : Ei∧T → Ei+1 induce a map of T -spectra u : E ∧T → E[1].
3.3. Definition. Denote by Θ1(E) = Ωℓ(E[1]). By adjointness there is a canonical map of P1-
spectra
E →Ωℓ(E ∧T)→ Ωℓ(E[1]) = Θ1(E).
Denote by Θn(E) the n-fold composition Θ1(Θ1 . . . (E)). There are natural stabilization maps
Θn(E)→Θn+1(E) and Θ∞(E) denotes the colimit
Θ∞(E) = colimnΘ
n(E).
3.4. Remark. We shall need the following explicit description of spaces of the P1-spectrum
ΘnE and its bonding maps. The jth space equals
Θn(E) j = Hom(P
∧n,E j+n).
The bonding maps of Θn(E) are adjoint to
(P∧n,En+ j)
u∗−→ (P∧n,(P∧1,En+ j+1)) = (P∧n∧P∧1,En+ j+1) = (P∧1,(P∧n,En+ j+1)).
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One should note that we do not permute copies of P∧1 here. The stabilization map Θn(E) j →
Θn+1(E) j can be described as the composite map
Hom(P∧n,E j+n)
−∧σ−−−→ Hom(P∧n∧P∧1,E j+n∧T) u→ Hom(P∧n+1,E j+n+1).
Here the left arrow smashes the simplices of the left space with σ : P∧1 → T .
3.5. Lemma. For any spectrum E the adjoint of each bonding map
Θ∞(E)i → Hom(P∧1,Θ∞(E)i+1)
in the spectrum Θ∞E is an isomorphism.
Proof. For every n and i the adjoint of the bonding map
Θn(E)i → Hom(P∧1,Θn(E)i+1) =Hom(P∧n+1,Ei+n+1) = Θn+1(E)i
coincides with the stabilization map Θn(E)i → Θn+1(E)i. Thus we get an isomorphism of se-
quences Θn+1(E)i and Hom(P
∧1,Θn(E)i+1). 
3.6. Definition. Given a T -spectrum E , define its n-th layer Ln(E) as the T -spectrum
LnE = (E0,E1, . . . ,En,En∧T,En∧T 2, . . .).
The maps of spaces En∧T i = En∧T ∧T i−1 u∧T
i−1−−−−→ En+1∧T i−1 induce maps of spectra LnE →
Ln+1E and an obvious isomorphism of spectra E ∼= colimnLnE .
We recall the following lemma from [6, Section 13]. It says that Θ∞ converts T -spectra into
framed P1-spectra, i.e. spectra whose spaces are spaces with framed correspondences.
3.7. Lemma. For any T-spectrum E there is a canonical isomorphism of P1-spectra
Θ∞E = colimnΘ
∞(LnE).
Moreover, there is a canonical isomorphism of spaces Θ∞(LnE)i = Hom(P
∧n,Fr(En∧T i)).
Proof. Note that Θm(E) = colimnΘ
m(LnE) for every m. Thus passing to the colimit over m, we
get the first isomorphism. For the second statement note that the left hand side is the colimit over
m of the sequence (P∧m+n,En∧Tm+i)→ (P∧m+n∧P∧1,En∧Tm+i∧T). Thus the identification
(P∧m+n,En∧Tm+i) = (P∧n,(P∧m,En∧T i∧Tm)) (we do not permute copies of T here) provides
its isomorphism with the sequence (P∧n,Frm(En∧T i)). 
4. THE MAYER–VIETORIS SEQUENCE
4.1. Definition. Suppose X ∈ Smk and Z is a smooth closed subvariety of codimension d. We
say that the embedding Z → X is trivial if there is an e´tale map α : X → An+d such that Z =
X ×An+d An, where An → An+d is the standard linear embedding.
4.2. Lemma. For every closed embedding of smooth varieties Z→ X of codimension d there is
an open cover of X by Xi such that the inclusion Xi∩Z→ Xi is trivial.
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Proof. The embedding Z → X is regular, and hence for every closed point x ∈ Z the ideal of
definition of Z in the local ring OX ,x is generated by d elements f1, . . . , fd . Let MX ,x denote
the maximal ideal of OX ,x and MZ,x the maximal ideal in OZ,x. Then MZ,x is generated by n
elements, where n = dim(Z), and let g1, . . . ,gn be their preimages in MX ,x. Then the elements
f1, . . . , fd ,g1, . . . ,gn generate MX ,x. Since k is perfect, they define an e´tale map f : U → An+d
whereU is some open neighborhood of x in X , and Z∩U =U ×An+d An. 
4.3. Lemma. If Z→ X is a trivial embedding of codimension d, then there is an isomorphism
of Nisnevich sheaves X/(X−Z) ∼=−→ Z+∧T d .
Proof. Fix an e´tale map α : X → An+d such that Z = X ×An+d An. Consider the projection
prn : A
n+d → An and the composition prn ◦α : X → An. Then X ′ = Z×An X is an etale neigh-
borhood of Z in X . Moreover, X ′ and X − Z is an elementary Nisnevich cover of X , hence
X ′/(X ′−Z)→ X/(X−Z) is an isomorphism of Nisnevich sheaves. Then the composition
X ′ = Z×An X → Z×An An+d = Z×kAd
is an e´tale neighborhood of Z = Z×0 in Z×kAd , and thus it induces an isomorphism X ′/(X ′−
Z)→ Z×Ad/(Z×Ad−Z×0) = Z+∧T d . 
4.4. Lemma. Suppose G is a strictly homotopy invariant Nisnevich sheaf, then for any bounded
chain complex of presheaves X there is an isomorphism
HomD−Nis
(Tot(C∗(X))Nis,G[n])∼= HomD−Nis(XNis,G[n])
Proof. Consider the stupid truncation σ>iX . Then there is a short exact sequence of complexes
of presheaves
0→C∗Xi[−i]→ Tot(C∗(σ>iX))→ Tot(C∗(σ>i+1X))→ 0
Note that HomD−Nis
((C∗Xi)Nis,G[n])∼=HomD−Nis((Xi)Nis,G[n]) by [14, Prop. 12.19], and σ>N0X =
0 and σ>N1X = X for some N0,N1. Then the statement follows by induction. 
4.5. Lemma. Suppose F is a bounded complex of ZF∗-presheaves such that FNis is quasi-
isomorphic to zero and the homology presheaves Hi(Tot(C∗F)) are quasi-stable. Then the
complex of sheaves (Tot(C∗F))Nis is locally quasi-isomorphic to zero.
Proof. The presheaves Hi(Tot(C∗F)) are quasi-stable and homotopy invariant. By [7] the asso-
ciated sheaves Hi = Hi(Tot(C∗F))Nis are strictly homotopy invariant, and hence by Lemma 4.4
there is an isomorphism
HomD−Nis
((Tot(C∗F))Nis,Hi[n]) ∼=HomD−Nis(FNis,Hi[n]) = 0.
The inductive argument as in the proof of [14, 13.12] gives a map (Tot(C∗F))Nis →Hi[i] induc-
ing an isomorphism on homology sheaves. It is zero by the above arguments, hence Hi = 0. 
Suppose Z ⊆ X is a closed subset of X , and X = X1 ∪X2 is a Zariski cover of X . Denote
by X12 = X1∩X2,Z1 = X1∩ Z,Z2 = X2∩ Z,Z12 = X12∩ Z and Y = X/(X − Z),Y1 = X1/(X1−
Z1),Y2 = X2/(X2−Z2),Y12 = X12/(X12−Z12).
4.6. Lemma. The maps Y12 → Y1, Y12 → Y2 are injective and the sheaf Y is the pushout of the
diagram Y1 ←֓ Y12 →֒Y2.
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Proof. For any Henselian local schemeU the map
Y12(U) = X12(U)/(X12−Z12)(U)→ X1(U)/(X1−Z1)(U) =Y1(U)
is injective, because (X12− Z12)(U) = X12(U)∩ (X1− Z1)(U). Similarly, the map Y12(U)→
Y2(U) is injective. Note that Y (U) = X(U)/(X − Z)(U), X(U) = X1(U)∪X12(U) X2(U) and
(X−Z)(U) = (X1−Z1)(U)∪(X12−Z12)(U) (X2−Z2)(U). Hence Y (U) =Y1(U)∪Y12(U)Y2(U). 
4.7. Definition. Let FP
∧i
(U,Y ), U ∈ Smk, be the set of x ∈ Hom(P∧i,Fr(Y ))(U) such that
the support of x is connected. The free abelian group generated by FP
∧i
(U,Y ) is denoted by
ZFP
∧i
(U,Y ). Then ZFP
∧i
(U,Y ) is functorial inU . Moreover, ZFP
∧i
(−,Y ) is a Nisnevich sheaf.
The following result gives an explicit computation of homology of the motivic S1-spectrum
Hom(P∧i,M f r(Y )).
4.8. Lemma. There are isomorphisms of graded presheaves
pi∗(ZHom(P∧i,M f r(Y ))) = H∗(C∗ZFP
∧i
(Y ))
for all i> 0.
Proof. The proof repeats the proof in [9, 1.2] word for word. 
4.9. Lemma. For any i> 0, the natural maps Y12 →Y2,Y12 → Y1,Y1 →Y,Y2 →Y give rise to a
short exact sequence of Nisnevich sheaves
0→ ZFP∧i(Y12)→ ZFP∧i(Y1)⊕ZFP∧i(Y2))→ ZFP∧i(Y )→ 0.
Proof. LetU be a local Henselian scheme. There is a coequalizer diagram of pointed sets
FP
∧i
(U,Y12)⇒ F
P∧i(U,Y2)∨FP∧i(U,Y1)→ FP∧i(U,Y ).
Thus it gives rise to a right exact sequence
ZFP
∧i
(Y12)→ ZFP∧i(Y1)⊕ZFP∧i(Y2)→ ZFP∧i(Y )→ 0.
It remains to note that the latter sequence is also exact on the left. 
4.10. Corollary. The cone of the morphism of complexes
C∗ZFP
∧i
(Y12)→C∗ZFP∧i(Y1)⊕C∗ZFP∧i(Y2)
is locally quasi-isomorphic to the complex C∗ZFP
∧i
(Y )). In particular, we have a triangle in the
derived category of complexes of sheaves
C∗ZFP
∧i
(Y12)→C∗ZFP∧i(Y1)⊕C∗ZFP∧i(Y2)→C∗ZFP∧i(Y ).
Proof. Note that homology presheaves of C∗ZFP
∧i
(Y ) are quasi-stable. Then by Lemmas 4.9
and 4.5 the totalization of the bicomplex
0→C∗ZFP∧i(Y12)→C∗ZFP∧i(Y1)⊕C∗ZFP∧i(Y2)→C∗ZFP∧i(Y )→ 0
is locally quasi-isomorphic to zero. 
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4.11. Proposition (The Mayer–Vietoris sequence). For every i> 0 the square of S1-spectra
Hom(P∧i,M f r(Y12)) //

Hom(P∧i,M f r(Y1))

Hom(P∧i,M f r(Y2)) // Hom(P∧i,M f r(Y ))
is a homotopy pushout square in the local stable model structure of S1-spectra.
Proof. The natural map from the cone of the morphism
Hom(P∧i,M f r(Y12))→ Hom(P∧i,M f r(Y1)∨M f r(Y2))
to Hom(P∧i,M f r(Y )) induces locally an equivalence on homology between connective spectra
by Corollary 4.10. Then it is a local stable equivalence. 
For any space A, there is an obvious map Frn(A)→ Hom(B,Frn(A∧B)) defined by (P∧n,A∧
T n)→ (B∧P∧n,A∧B∧Tn). It gives rise to a map of spectra M f r(A)→ Hom(B,M f r(A∧B)).
4.12. Lemma. For any X ∈ Smk for j > 1 the map
C∗Fr(X+∧T j)→ Hom(P∧i,C∗Fr(X ∧T j ∧T i))
is a local weak equivalence for any i> 0.
Proof. The map in question is obtained as the colimit of the maps
C∗Frn(X+∧T j)→ Hom(P∧i,C∗Frn(X+∧T j ∧T i)). (1)
Consider the triangle
C∗Hom(P∧i∧P∧n,X+∧T j ∧T i+n) C∗Hom(P∧i∧P∧n−i,X+∧T j ∧T i∧T n−i)oo
C∗Hom(P∧n,X+∧T j ∧T n)
OO
∼=
22❢❢❢❢❢❢❢❢❢❢❢❢❢❢❢❢❢❢❢❢❢❢❢
where the vertical map is the map (1), the skew map is the isomorphism given by identifi-
cation P∧n = P∧i ∧P∧n−i and T n = T i ∧ T n−i, and the horizontal map is induced by the sta-
bilization map (P∧i,C∗Frn−i(X+ ∧ T j))→ (P∧i,C∗Frn(X+ ∧ T j)). The composite map of the
triangle differs from the left vertical map by the shuffle permutation action χn,i on P
∧i+n and
on T i+n respectively. Thus if n is even then the triangle is commutative up to a simplicial
homotopy by Corollary 2.13 and Remark 2.3. Note that the horizontal map induces an iso-
morphism on the colimit over n. Thus the vertical map induces a bijection on the colimits of
sheaves piNis∗ . For j > 1 the space C∗(Fr(X+∧T j)) is locally connected by [9, 8.1]. The space
Hom(P∧i,C∗(Fr(X+ ∧T j ∧T i))) is isomorphic to C∗(Fr(X+∧T j)) by means of the horizontal
map, and hence it is locally connected as well. We see that the vertical map induces a local weak
equivalence. 
4.13. Lemma. Suppose Z → X is a closed embedding of smooth varieties of codimension d.
Then for i< d the space Hom(P∧i,(C∗Fr(X/X−Z))) is locally connected.
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Proof. If U is a local Henselian scheme, then every correspondence c in Hom(P∧i,Fr(X/X −
Z)) = colimnHom(P
∧i+n,(X/X −Z)∧Tn) can be described by triples c= (S,U,φ), where the
support S is a closed subset of Ai+nU , finite overU , and φ : U → X×An is a regular map from an
e´tale neighborhood of S such that S = φ−1(Z× 0) (see Voevodsky’s Lemma 2.12 and [6, Sec-
tion 3] for details). Since S is finite over HenselianU , it is a disjoint union of local schemes S j, fi-
nite overU , for j= 1 . . . l. Each map S j→Z factors through S j→Z j, where Z j =X j∩Z for some
open X j in X and such that Z j → X j is a trivial embedding. Thus the correspondence c lies in
the image of Hom(P∧i,Fr(∨ j(X j/X j−Z j))) =Hom(P∧i,Fr(∨(Z j∧T d))) = Fr(∨(Z j∧T d−i)) =
Fr((⊔Z j)+∧T d−i), and piNis0 (C∗Fr((⊔Z j)+∧T d−i) = ∗ for i< d by [9, A.1]. Since the class of
c∈ piNis0 (Hom(P∧i,(C∗Fr(X/X−Z)))) belongs to the image of piNis0 (C∗Fr((⊔Z j)+∧T d−i)) = ∗,
then c equals the class of the basepoint of Hom(P∧i,(C∗Fr(X/X − Z))). We conclude that
piNis0 (Hom(P
∧i,(C∗Fr(X/X−Z)))) = ∗. 
4.14. Lemma. Suppose Z → X is a closed embedding of smooth varieties of codimension d.
Then for i < d the S1-spectrum Hom(P∧i,M f r(X/X − Z)) is locally an Ω-spectrum and the
S1-spectrum Hom(P∧i,M f r(X/X − Z)) f , obtained from Hom(P∧i,M f r(X/X − Z)) by taking
a local fibrant replacement levelwise, is motivically fibrant. In particular, the motivic space
Hom(P∧i,C∗Fr(X/X −Z)) f is motivically fibrant.
Proof. It follows from Additivity Theorem 2.15, Corollary 2.16 and Lemma 4.13 that the Γ-
space taking a finite pointed set K to Hom(P∧i,C∗Fr((X/X − Z)∧ K)) is locally very spe-
cial. By the Segal machine [21] Hom(P∧i,M f r(X/X −Z)) = Hom(P∧i,C∗Fr((X/X −Z)∧S))
is locally an Ω-spectrum, and hence so is Hom(P∧i,M f r(X/X − Z)) f . Since all spaces of
Hom(P∧i,M f r(X/X − Z)) f are locally fibrant, we see that Hom(P∧i,M f r(X/X − Z)) f is sec-
tionwise an Ω-spectrum. Since the sheaves of homotopy groups of Hom(P∧i,M f r(X/X −Z)) f
are strictly homotopy invariant by [7, 1.1], Hom(P∧i,M f r(X/X − Z)) f is motivically fibrant
by [6, 7.1]. 
4.15. Corollary. For a Thom spectrum E with the bounding constant d, Hom(P∧n,C∗Fr(En∧
T i)) f is a motivically fibrant space for i>max(0,d).
4.16. Lemma. Given i,n> 0, the natural map of S1-spectra
M f r(X+∧T n) f → Hom(P∧i,M f r(X+∧T n∧T i) f )
is a levelwise local weak equivalence in positive degrees, where “f” refers to a levelwise local
fibrant replacement. In particular, the map is a stable local weak equivalence. If n> 0 then this
map is a levelwise local weak equivalence of spectra in all degrees.
Proof. The statement of the lemma can be reformulated as follows for n > 0: the map of S1-
spectra
M f r(X+∧S1∧T n) f → Hom(P∧i,M f r(X+∧S1∧T n∧T i) f )
is a levelwise local weak equivalence. The spectra M f r(X+∧S1∧T n) f ,M f r(X+∧S1∧T n∧T i) f
are both motivically fibrant by [6, 7.5].
The proof of [6, 4.1(2)] shows that the map in question is a levelwise local weak equivalence
if so is the map
M f r(X+∧S1∧T n) f → Hom(G∧im ∧Si,M f r(X+∧S1∧T n∧G∧im ∧Si) f ),
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where G∧1m is the mapping cone of pt+ → (Gm)+ sending pt to 1 ∈ Gm and G∧im is the ith
smash product of G∧1m . Our assertion now follows from the Cancellation Theorem for framed
motives [2]. The same arguments apply to show that the map
M f r(X+∧T n) f → Hom(P∧i,M f r(X+∧T n∧T i) f )
is a levelwise local weak equivalence in all degrees for n> 0. 
4.17. Proposition. Suppose Z→ X is a closed embedding of smooth varieties of codimension d
and M f r(X/(X −Z)) f is obtained from M f r(X/(X−Z)) by taking a level local fibrant replace-
ment. Then
Hom(P∧i,M f r(X/(X −Z)))→ Hom(P∧i,M f r(X/(X −Z)) f )
is a levelwise local weak equivalence of S1-spectra for i < d. In particular, the right spectrum
is a fibrant replacement of the left spectrum in the stable motivic model structure of S1-spectra
whenever i< d. If i= d then the map is a levelwise local weak equivalence in positive degrees.
In particular, the map is a stable local weak equivalence for i= d.
Proof. Suppose i< d. By Lemma 4.2 there is a cover of X by open subsets X j such that X j∩Z→
X j is a trivial embedding. We proceed by induction on n, the number of elements in the cover.
For n = 1 we have X/X − Z ∼= Z+ ∧ T d by Lemma 4.3. Then the map in question fits into a
commutative square
Hom(P∧i,M f r(Z+∧T d)) // Hom(P∧i,M f r(Z+∧T d) f )
M f r(Z+∧T d−i)
≃
OO
≃ // M f r(Z+∧T d−i) f
≃
OO
The left arrow is a levelwise local weak equivalence by Lemma 4.12, and the right arrow is a
levelwise local weak equivalence by Lemma 4.16. Thus the upper map is a levelwise local weak
equivalence.
For the induction step present X as the union of X1 and X2 such that X1 can be covered by
n− 1 trivial open pieces, and Z ∩ X2 → X2 is a trivial embedding. Then for X12 = X1 ∩ X2
the embedding Z ∩X12 → X12 is trivial. Denote by Y the sheaf X/X − Z and by Yi the sheaf
Xi/(Xi− (Xi∩Z)). Consider a commutative diagram of S1-spectra
Hom(P∧i,M f r(Y12)) //

Hom(P∧i,M f r(Y1))∨Hom(P∧i,M f r(Y2)) //

Hom(P∧i,M f r(Y ))

Hom(P∧i,M f r(Y12) f ) // Hom(P∧i,M f r(Y1) f )∨Hom(P∧i,M f r(Y2) f ) // Hom(P∧i,M f r(Y ) f )
The upper row is a homotopy cofiber sequence in the local stable model structure of S1-spectra
by Proposition 4.11. By Lemma 4.14 M f r(Y12) f ,M f r(Y1) f ,M f r(Y2) f ,M f r(Y ) f are motivically
fibrant. It follows from Proposition 4.11 that the sequence
M f r(Y12) f →M f r(Y1) f ∨M f r(Y2) f →M f r(Y ) f
is a homotopy cofiber sequence of motivically fibrant spectra in the local stable model structure,
and hence so is the lower sequence of the commutative diagram above, because P∧i is a flasque
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cofibrant motivic space. Two left vertical arrows are levelwise local weak equivalences by
induction hypothesis. Hence the right arrow is a stable local weak equivalence factoring as
Hom(P∧i,M f r(Y ))→ Hom(P∧i,M f r(Y )) f → Hom(P∧i,M f r(Y ) f ).
Since the left arrow is a levelwise local equivalence by definition, then the right arrow is a
stable local weak equivalence. But the middle spectrum is motivically fibrant by Lemma 4.14
as well as so is the right spectrum. It remains to observe that a stable local equivalence between
motivically fibrant spectra must be a levelwise local weak equivalence.
If i = d then we replace all framed motives and their levelwise local fibrant replacements
by framed motives smashed with the unit circle S1. Then all spaces of M f r(Y ∧ S1) become
connected and M f r(Y ∧S1) f is a motivically fibrant S1-spectrum. It is now enough to repeat the
above arguments word for word (Lemma 4.12 is also satisfied for spaces of the formC∗Fr(X+∧
S1) which are automatically sectionwise connected) to show that
Hom(P∧d ,M f r(Y ∧S1))→ Hom(P∧d ,M f r(Y ∧S1) f )
is a stable local weak equivalence of spectra. By Corollary 2.16 the left spectrum is sectionwise
an Ω-spectrum. Since a stable equivalence between Ω-spectra is a levelwise weak equivalence,
it follows that the map of spectra is a levelwise local weak equivalence. Therefore, the map
Hom(P∧d,M f r(Y ))→ Hom(P∧d ,M f r(Y ) f )
is a levelwise local weak equivalence in positive degrees. 
4.18. Theorem. Suppose Z → X is a closed embedding of smooth varieties of codimension d.
Then the space Hom(P∧i,C∗Fr(X/X −Z) f ) is motivically fibrant and
Hom(P∧i,C∗Fr(X/X−Z))→ Hom(P∧i,C∗Fr(X/X −Z) f )
is a local weak equivalence for i< d.
Proof. The statement follows from Proposition 4.17. 
4.19. Corollary. If E is a Thom spectrum with the bounding constant d, then the motivic space
Hom(P∧m,C∗Fr(En∧T i) f ) is motivically fibrant and
Hom(P∧m,C∗Fr(En∧T i))→ Hom(P∧m,C∗Fr(En∧T i) f )
is a local weak equivalence for m6 n+ i−d.
Proof. We have En∧T i = colim jVn, j×Ai/(Vn, j×Ai−Zn, j×0), where codimension of Zn, j in
Vn, j is strictly greater than n− d. Then codimension of Zn, j× 0 in Vn, j ×Ai is strictly greater
than n+ i− d. Then for En, j = Vn, j/(Vn, j − Zn, j) we get that Hom(P∧m,C∗Fr(En, j ∧ T i) f ) is
motivically fibrant and the map Hom(P∧m,C∗Fr(En, j∧T i))→Hom(P∧m,C∗Fr(En, j∧T i) f ) is a
local weak equivalence for every j by Theorem 4.18. By passing to the colimit and using the fact
that a directed colimit of flasque motivically fibrant spaces (respectively a directed colimit of
local weak equivalences) is flasque motivically fibrant, we get the statement of the lemma. 
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5. FIBRANT REPLACEMENTS OF THOM SPECTRA
In this section we give a model for a fibrant replacement of a Thom spectrum E . First we
need the following
5.1. Lemma. Suppose E is a Thom spectrum with the bounding constant d. Then for i >
max(0,d) and n> 0 the map of spaces Hom(P∧1,C∗Θ∞(LnE)i+1)→Hom(P∧1,C∗Θ∞(LnE) fi+1)
is a local weak equivalence, where LnE is the n-th layer of E and (LnE)
f
i+1 is a local fibrant
replacement of the space (LnE)i+1.
Proof. By Corollary 4.19 the space Hom(P∧n,C∗Fr(En ∧ T i+1) f ) is motivically fibrant. By
Lemma 3.7 the map in question coincides with the horizontal map of the diagram
Hom(P∧1,Hom(P∧n,C∗Fr(En∧T i+1))) //

Hom(P∧1,Hom(P∧n,C∗Fr(En∧T i+1)) f )
rr❡❡❡❡❡❡
❡❡❡❡
❡❡❡❡
❡❡❡❡
❡❡❡❡
❡❡❡
Hom(P∧1,Hom(P∧n,C∗Fr(En∧T i+1) f ))
(2)
The diagram (2) is obtained by applying Hom(P∧1,−) to the diagram
Hom(P∧n,C∗Fr(En∧T i+1)) //

Hom(P∧n,C∗Fr(En∧T i+1)) f
ss❤❤❤❤❤
❤❤❤
❤❤❤
❤❤❤
❤❤❤
❤❤
Hom(P∧n,C∗Fr(En∧T i+1) f )
(3)
The slanted arrow exists by the right lifting property for fibrant spaces. The horizontal arrow
of (3) is a local weak equivalence, and the vertical arrow of (3) is a local weak equivalence
by Corollary 4.19. It follows that the slanted arrow of (3) is a local weak equivalence between
fibrant spaces, and hence so is the slanted arrow of (2) since P∧1 is a flasque cofibrant space. The
vertical arrow of (2) is a local weak equivalence by Corollary 4.19. We see that the horizontal
map of (2) is a local weak equivalence. 
The following theorem says that a fibrant replacement of a Thom spectrum E can be com-
puted (starting at some level depending on its bounding constant) by first applying the Θ∞-
functor to E , then by taking the Suslin complex of each space of Θ∞(E) and finally by taking
local fibrant replacements for C∗Θ∞(E).
5.2. Theorem. Let E be a Thom spectrum with the bounding constant d. Let C∗Θ∞(E) f be a
spectrum obtained fromC∗Θ∞(E) by taking a level local fibrant replacement. Then the spectrum
C∗Θ∞(E) f is motivically fibrant starting from level max(0,d) and is stably equivalent to E.
Proof. Since a directed colimit of flasque locally fibrant spaces is flasque locally fibrant, it
follows that C∗Θ∞(E) f = colimnC∗Θ∞(LnE) f . Hence it is sufficient to prove that for every
n the spectrum C∗Θ∞(LnE) f is motivically fibrant starting from level d. For i > d the space
C∗Θ∞(LnE)
f
i equals Hom(P
∧n,C∗Fr(En ∧ T i)) f by Lemma 3.7. Moreover, it is motivically
fibrant by Corollary 4.15. Thus it remains to prove that each bonding map
C∗Θ∞(LnE)
f
i → Hom(P∧1,C∗Θ∞(LnE) fi+1)
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is a local weak equivalence. It fits into the following commutative diagram:
C∗Θ∞(LnE)
f
i
// Hom(P∧1,C∗Θ∞(LnE)
f
i+1)
C∗Θ∞(LnE)i
OO
∼= // Hom(P∧1,C∗Θ∞(LnE)i+1)
OO
where the right vertical arrow is a local weak equivalences by Lemma 5.1 and the lower arrow
is an isomorphism by Lemma 3.5. Since the left vertical arrow is a local weak equivalence, then
so is the upper arrow, as required. 
6. THE FUNCTOR Θ∞sym
Whenever a Thom T -spectrum E is symmetric, we can also construct further fibrant replace-
ments for it. To this end, we introduce another stabilization functor Θ∞sym on the level of sym-
metric T -spectra, which is slightly different from Θ∞. The spaces of Θ∞sym(E) and Θ
∞(E) are in
fact isomorphic, but the bonding maps are different: the bonding maps of Θ∞sym(E) require the
structure of a symmetric spectrum on E , whereas the bonding maps of Θ∞(E) do not.
Given a T -spectrum E , let T ∧E be the suspension spectrum of E (see Definition 2.6). The
functor E 7→ T ∧ E has a right adjoint loop functor E → ΩTE , where ΩTE has the spaces
(ΩTE)i =Hom(T,Ei). If there is no likelihood of confusion, we denote by ΩE the P
1-spectrum
with (ΩE)i = Hom(P
∧1,Ei) and the bonding maps are given by
Hom(P∧1,Ei)∧P∧1→ Hom(P∧1,Ei∧P∧1) σ−→ Hom(P∧1,Ei∧T) u→ (P∧1,Ei+1),
where P∧1 → T is a canonical motivic equivalence.
6.1. Definition. Define the functor Θ1sym(E) = Ω(E[1]), where E[1] is the shift spectrum (see
Definition 2.6), and
Θnsym(E) := Θ
1
sym(Θ
1
sym(. . . (E))) (n times).
6.2. Definition. If E is a symmetric T -spectrum, then there is a canonical map of T -spectra T ∧
E → E[1] (see Definition 2.6). Notice that this map requires the symmetric spectrum structure
of E . By adjointness we have a map E → Ω(T ∧E)→ Ω(E[1]) = Θ1sym(E). Iterating the latter
map, we get a sequence of maps of spectra
E →Θ1sym(E)→Θ2sym(E)→ ···
Denote by Θ∞sym(E) the colimit of this sequence. Then for every symmetric T -spectrum E there
is a natural map of P1-spectra
ε : E →Θ∞sym(E).
6.3. Remark. We need to describe bonding maps of Θnsym(E) and stabilization maps Θ
n
sym(E)→
Θn+1sym (E) explicitly. One has,
Θnsym(E)i = Hom(P
∧n,En+i).
Each bonding map equals the composition
Hom(P∧n,En+i)∧P∧1→ Hom(P∧n,En+i∧P∧1) σ−→ Hom(P∧n,En+i∧T ) u→ Hom(P∧n,En+i+1)
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and the stabilization map Θnsym(E)i →Θn+1sym (E)i equals the composition
Hom(P∧n,En+i)→ (P∧n,Hom(P∧1,En+i∧T)) u→Hom(P∧n+1,En+i+1) χi,1−−→Hom(P∧n+1,En+1+i),
where the left arrow is induced by the external smash product with σ : P∧1 → T and χi,1 is
the shuffle permutation in Σn+i+1 permuting the last element with preceding i elements and
preserves the first n elements.
6.4. Lemma. For any symmetric T -spectrum E for any i there is an isomorphism of motivic
spaces Θ∞(E)i
∼=−→Θ∞sym(E)i.
Proof. Define a map fn : Θ
n(E)i →Θnsym(E)i by the formula
fn : Hom(P
∧n,Ei+n)
χi,n−−→ Hom(P∧n,En+i),
where χi,n is the shuffle permutation that permutes the last n elements with the first i elements.
Then the following diagram is commutative:
Hom(P∧n,Ei+n)
χi,n //
u

Hom(P∧n,En+i)
χi,1◦u

Hom(P∧n+1,Ei+n+1)
χi,n+1 // Hom(P∧n+1,En+1+i).
Here the left vertical arrow is the stabilization map Θn(E)i → Θn+1(E)i and the right verti-
cal map is the stabilization map Θnsym(E)i → Θn+1sym (E)i of Remark 6.3. So the maps fn in-
duce a morphism of sequences. Then the maps fn induce the desired isomorphism on colimits
f : Θ∞(E)i
∼=−→Θ∞sym(E)i. 
6.5. Lemma. For any symmetric T -spectrum E there are isomorphisms of spaces
Θ∞(Θmsym(E))i
∼= Θ∞sym(E)i, Θn(Θ∞sym(E))i ∼= Θ∞sym(E)i.
Proof. Applying Lemma 6.4 to the symmetric spectrum Θmsym(E), we have
Θ∞(Θmsym(E))i
∼= Θ∞sym(Θmsym(E))i = Θ∞sym(E)i.
Also,
Θn(Θ∞sym(E))i =Hom(P
∧n,Θ∞sym(E)i+n)∼= Hom(P∧n,Θ∞(E)i+n) = Θn(Θ∞(E))i = Θ∞(E)i,
as required. 
6.6. Lemma. Suppose E is a Thom T-spectrum with the bounding constant d. Then the space
C∗Θ∞(E)i is locally connected for i>max(0,d).
Proof. By Lemma 4.13 the space C∗Hom(P∧n,Fr(En ∧ T i)) = C∗Θ∞(Ln(E))i is locally con-
nected for every n. Then C∗Θ∞(E)i = colimnC∗Θ∞(Ln(E))i is a locally connected space. 
6.7. Proposition. Suppose E is a symmetric Thom T-spectrum with the bounding constant d
and contractible alternating group action. Then the natural maps of spectra
ξ :C∗Θ∞sym(E)→C∗Θ∞(Θ∞sym(E))
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and
C∗Θ∞(ε) :C∗Θ∞(E)→C∗Θ∞(Θ∞sym(E)),
obtained from the map ε : E→Θ∞sym(E) by applying C∗Θ∞ to it, induce local weak equivalences
of spaces starting from level max(0,d). In particular, there is a commutative diagram
E
η //
ε

C∗Θ∞(E)
C∗Θ∞(ε)

C∗Θ∞sym(E)
ξ // C∗Θ∞(Θ∞sym(E))
of P1-spectra, in which all arrows are stable motivic equivalences.
Proof. Fix a number i> d. Consider a two-dimensional sequence
An,m =C∗Θn(Θmsym(E))i
with horizontal maps An,m → An+1,m induced by Θn → Θn+1 and vertical maps An,m → An,m+1
induced by Θmsym→Θm+1sym . To prove the statement, we need to show that the maps colimmA0,m→
colimn,mAn,m and colimnAn,0 → colimn,mAn,m are local weak equivalences.
Without loss of generality it is sufficient to prove that for every m,n the maps
colimnA2n,2m → colimnA2n,2m+2 (4)
and
colimmA2n,2m → colimmA2n+2,2m (5)
are local weak equivalences.
Note that the spaces C∗Θ∞(Θmsym(E))i and C∗Θn(Θ∞sym(E))i are isomorphic to C∗Θ∞(E)i by
Lemmas 6.5 and 6.4. Hence they are locally connected by Lemma 6.6.
To prove that (4) is a local weak equivalence, we apply Lemma 6.8 below for the case An =
A2n,2m,Bn = A2n,2m+2 and the maps fn are given by maps of the two dimensional sequences
above. Define a map gn : A2n,2m+2→ A2n+2,2m as an identification via associativity isomorphism
A2n,2m+2 =C∗Hom(P∧2n,Hom(P∧2m+2,E2n+2m+2+i)) =
=C∗Hom(P∧2n+2,Hom(P∧2m,E2n+2m+2+i)) = A2n+2,2m.
Then gn fn differs from i
A
n by the action of an even permutation on P
∧2n+2m+2 and an even
permutation on E2n+2m+2+i. Thus gn fn and i
A
n are simplicially homotopic by Corollary 2.13
and our assumption that E is a spectrum with contractible alternating group action. Also, fngn
differs from iBn by the action of an even permutation on P
∧2n+2m+4 and an even permutation on
E2n+2m+4. Therefore fn+1gn is simplicially homotopic to i
B
n for the same reasons as above. Thus
the map on the colimits is a local weak equivalence by Lemma 6.8. The proof for the map (5) is
analogous.
Finally, the map η of the commutative square of the proposition is a stable motivic equiv-
alence by [10, 4.11], because the flasque motivic model structure on spaces is almost finitely
generated in the sense of [10]. By the first part of the proof ξ ,C∗Θ∞(ε) are stable motivic
equivalences, and hence so is ε by the two-out-of-three property for weak equivalences. 
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6.8. Lemma. Suppose iAn : An → An+1, iBn : Bn → Bn+1 are directed systems of spaces, and
fn : An → Bn is a map of directed sequences. Suppose that there are maps gn : Bn → An+1
such that gn fn is simplicially homotopic to i
A
n and fn+1gn is simplicially homotopic to i
B
n . Also,
suppose that the spaces A = colimAn and B = colimBn are locally connected. Then the map
f = colim fn : A→ B is a local weak equivalence.
Proof. Given a local Henselian scheme U , the map pii( f )(U) : pii(A(U)) → pii(B(U)) equals
the colimit of the system pii( fn)(U). Note that the maps pii(gn)(U) form a map of sequences
pii(Bn(U))→ pii(An+1(U)), which are inverse to pii( fn)(U). Therefore the colimit pii( f )(U) =
colimpii( fn)(U) is bijective, and hence the map f (U) induces a weak equivalence of connected
simplicial sets A(U)→ B(U). 
7. THE SPECTRUM C∗FrE(ST )
The purpose of this section is to introduce another spectrum C∗FrE(ST ) associated with a
symmetric T -spectrum E . We show that it is stably equivalent to the spectrum C∗Θ∞sym(E)
whenever E is a Thom spectrum with the bounding constant d and contractible alternating group
action (see Proposition 7.7).
7.1. Definition. Given a T -spectrum E and X ∈ Smk, denote by FrEn (X) the space Θn(X+∧E)0:
FrEn (X) = Hom(P
∧n,X+∧En)
and FrE(X) := colimnFr
E
n (X) = Θ
∞(X+∧E)0.
7.2. Definition. For any symmetric T -spectrum E and any m,n> 0, define a pairing
Frn(X ,Y )×FrEm(Y,Z)→ FrEn+m(X ,Z)
as follows. Let a ∈ Frn(X ,Y ) be given by a map a : X+∧P∧n → Y+ ∧T n and let b ∈ FrEm(Y,Z)
be given by b : Y+∧P∧m → Z+∧Em. Define b◦a as the composition
X+∧P∧n∧P∧m a∧P
∧m−−−−→Y+∧T n∧P∧m tw−→Y+∧P∧m∧T n b∧T
n−−−→ Z+∧Em∧T n tw−→
→ Z+∧T n∧Em ul−→ Z+∧En+m,
where ul is the map of Definition 2.6.
Note that if E = ST , this definition coincides with the definition of the composition of framed
correspondences defined in [24, 6].
7.3. Lemma. The pairing above endows FrE(X) with a structure of a presheaf with framed
correspondences.
Proof. This is straightforward. 
7.4. Definition. Given a T -spectrum E and X ∈ Smk, denote by FrEn (X+∧ ST ) the T -spectrum
with the spaces
FrEn (X+∧ST )i := FrEn (X+∧T i) = FrT
i∧E
n (X).
The bonding maps FrEn (X+∧T i)∧T → FrEn (X+∧T i+1) are defined as the composite maps
Hom(P∧n,X+∧T i∧En)∧T → Hom(P∧n,X+∧T i∧En∧T) tw−→ Hom(P∧n,X+∧T i∧T ∧En).
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In what follows we normally regard FrEn (X+ ∧ ST ) as a P1-spectrum. The stabilization maps
FrEn (X+∧T i)→ FrEn+1(X+∧T i), given by the compositions
Hom(P∧n,X+∧T i∧En) −∧σ−−−→Hom(P∧n∧P∧1,X+∧T i∧En∧T) un−→Hom(P∧n+1,X+∧T i∧En+1),
define a map of P1-spectra FrEn (X+∧ST )→ FrEn+1(X+∧ST ). Denote by
FrE(X+∧ST ) := colimnFrEn (X+∧ST ).
If E = ST the spectrum Fr
E(X+∧ST ) coincides with the spectrum FrP1,T (X) defined in [6].
Note that for X ∈ Smk the spectrum FrE(X+∧ST ) is isomorphic to the spectrum FrX+∧E(ST ).
If E is a symmetric Thom spectrum with the bounding constant d, then so is X+∧E. Thus we
shall consider spectra of the form FrE(ST ) in what follows.
For any n> 0 and any symmetric T -spectrum E , construct a map of P1-spectra fn : Fr
E
n (ST )→
Θnsym(E) as the composition at each level i> 0
fn,i : Hom(P
∧n,T i∧En) tw−→ Hom(P∧n,En∧T i) u−→ Hom(P∧n,En+i),
where the first map is induced by twist T i∧En→ En∧T i.
7.5. Lemma. Each map fn, n> 0, is a morphism of spectra commuting with stabilization maps
FrEn (ST )→ FrEn+1(ST ) and Θnsym(E)→Θn+1sym (E). In particular, they induce a map of spectra
f : FrE(ST )→Θ∞sym(E).
Proof. The following diagram commutes:
Hom(P∧n,T i∧En)∧T tw //

Hom(P∧n,En∧T i)∧T u //

Hom(P∧n,En+i)∧T

Hom(P∧n,T i+1∧En) tw // Hom(P∧n,En∧T i+1) u // Hom(P∧n,En+i+1),
where the left vertical arrow is the ith bonding map of the spectrum FrEn (ST ), and the right
vertical map is the ith bonding map of Θ
sym
n (E). We see that each map fn is a morphism of
spectra. Consider a commutative diagram
Hom(P∧n,T i∧En) tw //

Hom(P∧n,En∧T i) u //

Hom(P∧n,En+i)

Hom(P∧n+1,T i∧En+1) tw // Hom(P∧n+1,En+1∧T i) u // Hom(P∧n+1,En+1+i),
in which the left vertical map is the stabilization FrEn (ST )i → FrEn+1(ST )i from Definition 7.4,
and the right vertical map is the stabilization map Θnsym(E)i →Θn+1sym (E)i (see Remark 6.3). The
middle vertical arrow equals the composite map
Hom(P∧n,En∧T i) −∧σ−−−→ Hom(P∧n+1,En ∧T i+1) (χi,1)∗−−−→ Hom(P∧n+1,En∧T 1+i) un−→ Hom(P∧n+1,En+1∧T i),
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where (χi,1)∗ is induced by the shuffle map χi,1 : T i+1 → T 1+i. For commutativity of the right
square we also use here the fact that the diagram
En∧T i+1 u //
id∧χi,1

En+i∧T u // En+i+1
1⊕χi,1

En∧T 1+i u // En+1∧T i u // En+1+i,
is commutative because the compositions of horizontal maps are Σn×Σi+1-equivariant maps.
Thus the maps fn,i are compatible with stabilization. 
7.6. Corollary. If E = X+∧ ST then the map f of Lemma 7.5 gives an isomorphism of spectra
FrP1,T (X) = Fr
X+∧E(ST )
∼=−→Θ∞sym(X+∧ST ).
Proof. It suffices to note that the bonding maps of X+∧ST are isomorphisms. 
7.7. Proposition. For a symmetric Thom T-spectrum E with the bounding constant d and
contractible alternating group action, the map f induces a local weak equivalence for any
i>max(0,d):
fi : C∗FrE(ST )i →C∗Θ∞sym(E)i.
Proof. The map fn,i : Fr
E
n (T
i)→Θnsym(E)i fits into the following commutative diagram
FrEn (T
i)
fn,i // Θnsym(E)i
Θn(T i∧E)0 ul // Θn(E[i])0 Θn(E)i
χi,n
OO
where χi,n is the map of Lemma 6.4 and ul is the left bonding map from Definition 2.6. Note
that the maps of the diagram are compatible with stabilization maps, and hence we can pass to
the colimit over n. Thus our assertion follows from Lemma 7.9 below. 
7.8. Lemma. The natural map of T -spectra u : E ∧T i → E[i] induces a levelwise isomorphism
of spaces Θ∞(E ∧T i) ∼=−→Θ∞(E[i]) for any T -spectrum E.
Proof. For any m the map Hom(P∧n,En+m ∧ T i) u→ Hom(P∧n,En+m+i) commutes with stabi-
lization by n and induces an isomorphism on colimits Θ∞(E ∧T i)m →Θ∞(E[i])m. 
7.9. Lemma. For a symmetric Thom T-spectrum E with the bounding constant d and con-
tractible alternating group action, the map of spectra ul : T
i ∧E → E[i] induces a local weak
equivalence of spaces
C∗Θ∞(T i∧E)0→C∗Θ∞(E[i])0
for any i>max(0,d).
Proof. For i > max(0,d) the space C∗Θ∞(E)i is locally connected by Lemma 6.6. We apply
Lemma 7.10 below to spaces
An =C∗Θ2n(T i∧E)0 =C∗Hom(P∧2n,T i∧E2n),
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Bn =C∗Θ2n(E ∧T i)0 =C∗Hom(P∧2n,E2n∧T i),
where the maps iAn and i
B
n from that lemma are induced by stabilization maps Θ
2n → Θ2n+2
and C =C∗Θ∞(E[i])0. Define fn : An → Bn to be the map induced by the twist tw : T i∧E2n →
E2n∧T i. Then the composition fn+1 ◦ iAn coincides with the composition
fn+1◦iAn : C∗Hom(P∧2n,T i∧E2n)→C∗Hom(P∧2n+2,E2n∧T 2∧T i)→C∗Hom(P∧2n+2,E2n+2∧T i).
It differs from the composition iBn ◦ fn by the permutation E2n ∧ T 2 ∧ T i tw→ E2n ∧ T i ∧ T 2 assoc=
E2n∧T 2∧T i. Since it is an even permutation and E is a spectrum with contractible alternating
group action, we have that fn+1 ◦ iAn and iBn ◦ fn are simplicially homotopic. Similarly, in the
triangle
C∗(P∧2n,T i∧E2n)
tw

ul // C∗(P∧2n,E2n+i) // C∗Θ∞(E[i])0
C∗(P∧2n,E2n∧T i)
u
66❧❧❧❧❧❧❧❧❧❧❧❧❧
the composition u ◦ tw differs from ul by the action of the shuffle permutation χ2n,i on E2n+i,
which is an even permutation. Thus the triangle commutes up to simplicial homotopy, be-
cause E is a spectrum with contractible alternating group action. Then for any i > d the space
C∗Θ∞(E[i])0 is connected and our statement follows from Lemmas 7.10 and 7.8. 
7.10. Lemma. Suppose iAn : An → An+1, iBn : Bn → Bn+1 are directed sequences of spaces, C is a
locally connected space and there are maps of sequences An→C and Bn→C. Suppose that for
any n there is a local weak equivalence fn : An → Bn such that the diagrams
An //
fn

An+1
fn+1

and An //
fn

C
Bn // Bn+1 Bn
??
⑧
⑧
⑧
⑧
⑧
⑧
⑧
⑧
commute up to a simplicial homotopy. Let A= colimAn,B = colimBn. Then the map B→C is
a local weak equivalence if and only if so is the map A→C.
Proof. Given local Henselian schemeU and i> 0, the maps pii( fn(U)) form a map of sequences
pii( fn(U)) : pii(An(U))→ pii(Bn(U)), and the map colimn pii( fn(U)) fits into the commutative
diagram
pii(A(U)) //
colimpii( fn)

pii(C(U))
pii(B(U))
88rrrrrrrrrr
Every pii( fn(U)) is a bijection, and hence so is colimpii( fn(U)). If the map B→ C is a local
weak equivalence, then B(U) is connected and all maps pii(B(U))→ pii(C(U)) are bijective.
Then A(U) is connected, and all the maps pii(A(U))→ pii(C(U)) are bijective. Therefore the
map A→C is a local weak equivalence. Similarly, if A→C is a local weak equivalence, then
so is B→C. 
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8. FIBRANT RESOLUTIONS OF SYMMETRIC THOM SPECTRA
We have discussed three types of spectra associated with a symmetric Thom T -spectrum
E each of which is obtained from E by a certain stabilization and taking the Suslin complex
at each level: C∗FrE(ST ), C∗Θ∞(E) and C∗Θ∞sym(E). Moreover, by Propositions 6.7 and 7.7
they are isomorphic to each other in SH(k) under certain reasonable assumptions on E . The
next theorem says that if we take local fibrant replacements at each level in these spectra, they
become motivically fibrant starting from some level d onwards. More precisely, the following
result is true:
8.1. Theorem. For a symmetric Thom T-spectrum E with the bounding constant d and con-
tractible alternating group action the following P1-spectra are isomorphic to E in SH(k) and
motivically fibrant starting from level max(0,d):
• C∗FrE(ST ) f
• C∗Θ∞(E) f
• C∗Θ∞sym(E) f ,
where “ f” refers to levelwise local fibrant replacements of the corresponding spectra.
Proof. By Propositions 6.7 and 7.7 we have the following levelwise local weak equivalences of
P
1-spectra starting from level d:
C∗FrE(ST )→C∗Θ∞sym(E)→C∗Θ∞(Θ∞sym(E))←C∗Θ∞(E).
Since the canonical map E →C∗Θ∞(E) is a stable motivic equivalence by Theorem 5.2, we see
that E is isomorphic in SH(k) to each of the spectrum of the theorem.
Sublemma. Suppose a map of P1-spectra f : E→ E ′ is a levelwise local weak equivalence and
all spaces Ei,E
′
i , i > 0, are fibrant in the flasque local model structure. Then E is motivically
fibrant if and only if so is E ′.
Proof. Since each map fi : Ei → E ′i , i > 0, is a local weak equivalence between locally fibrant
spaces, it is a sectionwise weak equivalence. Therefore if Ei is motivically fibrant, then E
′
i
is A1-invariant, and hence motivically fibrant as well. Since Ei,E
′
i are flasque fibrant by as-
sumption, then the map Hom(P∧1,Ei+1)→ Hom(P∧1,E ′i+1) is a sectionwise weak equivalence,
because P∧1 is flasque cofibrant. Hence the adjoint to the bonding map Ei→Hom(P∧1,Ei+1) is
a sectionwise weak equivalence if and only if so is the map E ′i → Hom(P∧1,E ′i+1). 
Since the spectrum C∗Θ∞(E) f is motivically fibrant starting from level d by Theorem 5.2,
then so are C∗Θ∞sym(E) f and C∗Θ∞(Θ∞sym(E)) f by Proposition 6.7 and the sublemma above.
Likewise, C∗FrE(ST ) f is motivically fibrant starting from level d by Proposition 7.7 and the
sublemma above. This completes the proof of the theorem. 
The spectrum C∗FrE(ST ) f , which is isomorphic to E in SH(k) by Theorem 8.1, is of particu-
lar interest, because it will lead to an equivalent model of E in the category of (S1,G∧1m )-bispectra
(see Theorem 9.13).
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9. E -FRAMED MOTIVES AND BISPECTRA
Following Definition 7.1, for any space X and any T -spectrum E denote by FrEn (X ) =
Hom(P∧n,X ∧En), n > 0. Also, set FrE(X ) = colimn(Hom(P∧n,X ∧En)) = Θ∞(X ∧E)0.
If X = X+, X ∈ Smk, then we shall write FrE(X) dropping + from notation.
9.1. Lemma. FrE(X ) is functorial in X and E. If E is a directed colimit of T -spectra
colimkEk, then Fr
E(X ) = colimk Fr
Ek(X ). In particular, FrE(X ) = colimk Fr
LkE(X ), where
LkE is the k-th layer of E.
9.2. Definition. Given a T -spectrum E , the assignment K 7→ C∗FrE(X ∧K) is plainly a Γ-
space. The E-framed motive ME(X ) of X is the Segal symmetric S
1-spectrum C∗FrE(X ∧S).
If E = ST then ME(X ) is the framed motive M f r(X ) of X in the sense of [6].
Lemma 9.1 implies the following
9.3. Corollary. ME(X ) is functorial in X and E. If E is a directed colimit of T -spectra
colimkEk, then ME(X ) = colimkMEk(X ). In particular, ME(X ) = colimkMLkE(X ), where
LkE is the k-th layer of E.
The next statement is straightforward.
9.4. Lemma. MLkE(X ) = Hom(P
∧k,M f r(X ∧Ek)) for any k > 0.
9.5. Definition. Given a Thom T -spectrum E , U ∈ Smk and Y = X/(X −Z), where X ∈ Smk
and Z is a closed subset in X , denote by ZFEn (U,Y ) the free Abelian group generated by the
elements of FrEn (U,Y ) = Hom(P
∧n,Y ∧En) with connected support (recall that the elements of
FrEn (U,Y ) have an explicit geometric description using Voevodsky’s Lemma 2.12). We also set
ZFE(U,Y ) := colimnZF
E
n (U,Y ), where the colimit maps are defined in the same fashion with
those of FrE(U,Y ).
The assignment K 7→ C∗ZFE(U,Y ∧K) is plainly a Γ-space. The linear E-framed motive
LME(Y ) of Y is the Segal symmetric S
1-spectrum C∗ZFE(Y ∧ S). If E = ST then LME(Y )
is the linear framed motive LM f r(Y ) of Y in the sense of [6]. Note that the presheaves of
stable homotopy groups pi∗(LME(Y )) are computed as the presheaves of homology groups of
the complex C∗ZFE(Y ) (we freely use the Dold–Kan correspondence here).
As above we have the following
9.6. Lemma. LME(Y ) = colimk LMLkE(Y ) and LMLkE(Y ) = LM
P
∧k
f r (Y ∧Ek), where LMP
∧k
f r (Y ∧
Ek) is Segal’s spectrum associated with the Γ-space K 7→C∗ZFP∧k(U,Y ∧K) (see Definition 4.7).
The following lemma says that LME(Y ) computes homology of the E-framed motive of Y .
9.7. Lemma. Given a Thom T-spectrum E and Y as above, there is an isomorphism of graded
presheaves pi∗(ZME(Y )) = pi∗(LME(Y )).
Proof. We have that pi∗(ZME(Y )) = colimk pi∗(ZMLkE(Y )) = colimk pi∗(Z(Hom(P
∧k,M f r(Y ∧
Ek)))) = colimk pi∗(LMP
∧k
f r (Y ∧Ek)) = pi∗(LME(Y )). We have used here Corollary 9.3, Lem-
mas 4.8, 9.4 and 9.6. 
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Following notation of [9], denote by A1//Gm the mapping cone of the natural embedding
(Gm)+ →֒ A1+. It is represented by a simplicial scheme from Fr0(k).
9.8. Lemma. For a Thom T-spectrum E with the bounding constant d, the natural map
ME(T
ℓ∧ (A1//Gm)∧i)→ME(T ℓ∧T i), ℓ :=max(0,d−1),
is a local stable weak equivalence for any i> 0.
Proof. By Corollary 9.3 and Lemma 9.4 ME(T
ℓ ∧ (A1//Gm)∧i) = colimnHom(P∧n,M f r(En ∧
T ℓ ∧ (A1//Gm)∧i)) and ME(T ℓ∧T i) = colimnHom(P∧n,M f r(En∧T ℓ ∧T i)). Since a directed
colimit of stable local weak equivalences is a stable local weak equivalence, it is sufficient to
check that the natural map
Hom(P∧n,M f r(En∧T ℓ∧ (A1//Gm)∧i))→ Hom(P∧n,M f r(En∧T ℓ∧T i))
is a local stable weak equivalence of spectra. By definition of the bounding constant d, the space
En ∧ T ℓ is a colimit of spaces of the form X/X − Z where Z has codimension greater than or
equal to n. Consider a commutative diagram
Hom(P∧n,M f r(En∧T ℓ∧ (A1//Gm)∧i))

// Hom(P∧n,M f r(En∧T ℓ∧T i))

Hom(P∧n,M f r(En∧T ℓ∧ (A1//Gm)∧i) f ) // Hom(P∧n,M f r(En∧T ℓ∧T i) f ),
where “ f ” refers to a level local fibrant replacement. Then by Proposition 4.17 the vertical
arrows are local stable weak equivalences, and the bottom arrow is a stable weak equivalence
between motivically fibrant S1-spectra by [9, 1.1; A.1]. By the two-out-of-three-property the
upper arrow is a local stable weak equivalence. 
9.9. Proposition. Let E be a Thom T-spectrum with the bounding constant d and ℓ=max(0,d−
1). Then for every i> 0 the S1-spectra ME(T
ℓ∧(A1//Gm)∧i) f , ME(T ℓ∧T i) f and ME(T ℓ∧(S1∧
G
∧1
m )
∧i) f , where “ f” refers to a level local fibrant replacement, are motivically fibrant.
Proof. Without loss of generality we assume d 6 1. Indeed, if d > 1 we replace E by T d−1∧E ,
which has the bounding constant 1, observing that ME(T
d−1 ∧−) ∼= MT d−1∧E(−). It suffices
to prove the statement for the spectrum ME((A
1//Gm)
∧i) f , because our arguments will be the
same for the other two spectra.
By Corollary 9.3 and Lemma 9.4 one has ME((A
1//Gm)
∧i) = colimnHom(P∧n,M f r(En ∧
(A1//Gm)
∧i)). Since flasque motivically fibrant spectra are closed under filtered colimits, it is
enough to show that each spectrum Hom(P∧n,M f r(En ∧ (A1//Gm)∧i)) f is motivically fibrant.
But this can shown similar to Lemma 4.14 if we note that the space C∗Fr(X+ ∧ (A1//Gm)∧i),
X ∈ Smk, is locally connected by [9, A.1] and if we apply the proof of Lemma 4.13 to show that
the space Hom(P∧n,C∗Fr(En∧ (A1//Gm)∧i)) is locally connected. 
9.10. Lemma. Under the assumptions of Proposition 9.9 the map ME(T
ℓ ∧ (A1//Gm)∧i) f →
ME(T
ℓ∧ (S1∧G∧1m )∧i) f is a sectionwise level equivalence for ℓ=max(0,d−1).
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Proof. The proof of Proposition 9.9 shows that it suffices to prove the assertion for d 6 1 and
that the map of Hom(P∧n,M f r(En ∧ (A1//Gm)∧i)) → Hom(P∧n,M f r(En ∧ (S1 ∧G∧1m )∧i) is a
local stable weak equivalence for any n> 0. Since a map of locally connected spectra is a stable
local equivalence if and only if so is the map on homology, then using Lemma 4.8 our assertion
reduces to showing that the map of complexes C∗ZFP
∧n
(En ∧ (A1//Gm)∧i)→ C∗ZFP∧n(En ∧
(S1∧G∧1m )∧i) is locally a quasi-isomorphism. The latter fact is proved similar to [6, 8.2]. 
We shall need the following fact which was proven in [6, Section 12].
9.11. Lemma. Let X be an A1-local motivic S1-spectrum whose presheaves of stable homo-
topy groups are homotopy invariant quasi-stable radditive presheaves with framed correspon-
dences. Suppose X f is a local stable fibrant replacement of X . Then the map of spectra
Hom(G∧1m ,X )→ Hom(G∧1m ,X f ) is a local stable equivalence.
9.12. Proposition. The following statements are true:
(1) Suppose Z → X is a closed embedding of smooth varieties of codimension d. Then the
natural map
α : Hom(P∧i,M f r(X/X−Z))→ Hom(P∧i∧G∧1m ,M f r((X/X−Z)∧G∧1m ))
is a stable local weak equivalence of S1-spectra for all i6 d.
(2) If E is a Thom T-spectrum with the bounding constant d 6 1, then the natural map
β :ME(X)→ Hom(G∧1m ,ME(X+∧G∧1m )), X ∈ Smk,
is a stable local weak equivalence of S1-spectra.
(3) If E is a Thom T-spectrum with the bounding constant d 6 1 and ME(X) f is a stable local
fibrant replacement of ME(X), X ∈ Smk, then ME(X) f is a motivically fibrant S1-spectrum.
Proof. (1). First suppose i= 0. Without loss of generality we assume that X/X−Z = Z+∧T d ,
because we can apply the Mayer–Vietoris sequence of Proposition 4.11 to reduce the gen-
eral case to this particular one. Indeed, M f r(X/X − Z) and M f r((X/X − Z)∧G∧1m ) are ho-
motopy pushouts (=homotopy pullbacks) of framed motives of the form M f r(Z+ ∧ T d) and
M f r(Z+ ∧ T d ∧G∧1m ) respectively. Using Lemma 9.11 the functor Hom(G∧1m ,−) respects ho-
motopy pullbacks (=pushouts) for framed motives in question. Therefore our assertion reduces
to showing that the natural map of S1-spectra
M f r(Z+∧T d)→ Hom(G∧1m ,M f r(Z+∧T d ∧G∧1m ))
is a stable local weak equivalence. It fits into a commutative diagram
M f r(Z+∧T d) //

Hom(G∧1m ,M f r(Z+∧T d ∧G∧1m ))

M f r(Z+∧ (A1//Gm)∧d) // Hom(G∧1m ,M f r(Z+∧ (A1//Gm)∧d ∧G∧1m ))
in which the lower arrow is a stable local weak equivalence by the Cancellation Theorem for
framed motives of [2]. The vertical arrows are stable local weak equivalences by [9, 1.1] and
Lemma 9.11. We see that the upper arrow is a stable local weak equivalence, as required.
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Suppose now i6 d. Consider a commutative diagram of S1-spectra
Hom(P∧i,M f r(X/X −Z)) //

Hom(P∧i∧G∧1m ,M f r((X/X −Z)∧G∧1m ))

Hom(P∧i,M f r(X/X −Z) f ) // Hom(P∧i∧G∧1m ,M f r((X/X −Z)∧G∧1m ) f )
where “ f ” refers to a level local fibrant replacement. By Proposition 4.17 the left vertical map
is a levelwise local weak equivalence in positive degrees, and hence a stable local weak equiva-
lence. SinceM f r(X/X−Z) f ,M f r((X/X−Z)∧G∧1m ) f are motivically fibrant spectra in positive
degrees, the lower arrow is a sectionwise weak equivalence in positive degrees by the first asser-
tion and Proposition 4.17, and hence a sectionwise stable weak equivalence. The right vertical
map is a levelwise local weak equivalence in positive degrees by Lemma 9.11 and Proposi-
tion 4.17, hence it is a stable local weak equivalence. We see that the upper arrow is a stable
local weak equivalence.
(2). If E is a Thom T -spectrum with the bounding constant d 6 1, then the natural map
β :ME(X)→ Hom(G∧1m ,ME(X+∧G∧1m ))
is isomorphic to the sequential colimit of maps
βk :MLkE(X)→ Hom(G∧1m ,MLkE(X+∧G∧1m )).
Every such map is isomorphic to
Hom(P∧k,M f r(X+∧Ek))→ Hom(P∧k∧G∧1m ,M f r(X+∧Ek∧G∧1m )).
It follows from assertion (1) that each βk is a stable local weak equivalence of S
1-spectra, and
hence so is β as a sequential colimit of stable local weak equivalences of S1-spectra.
(3). We can compute a stable local fibrant replacement ME(X) f of ME(X) as the spectrum
colimkMLkE(X) f = colimkHom(P
∧k,M f r(X+ ∧ Ek)) f , because a sequential colimit of fibrant
spectra is fibrant in the flasque local stable model model structure of S1-spectra. So it suf-
fices to show that each spectrum Hom(P∧k,M f r(X+ ∧Ek)) f is A1-invariant. By the Mayer–
Vietoris sequence of Proposition 4.11 this reduces to showing that every spectrum of the form
Hom(P∧k,M f r(X+∧T k)) f isA1-invariant. But the latter is obvious because Hom(P∧k,M f r(X+∧
T k)) f ∼=M f r(X) f and M f r(X) f is A1-invariant by [6, 7.1]. 
In what follows by bispectra we shall mean (S1,G∧1m )-bispectra in the category of motivic
spaces. We are now in a position to prove the main result of the section. It gives an explicit
fibrant resolution of a symmetric Thom spectrum in the category of bispectra.
9.13. Theorem. Suppose X ∈ Smk and E is a symmetric Thom T-spectrum with the bounding
constant d and contractible alternating group action.
(1) If d = 1 then the (S1,G∧1m )-bispectrum
MGE (X) f := (ME(X) f ,ME(X+∧G∧1m ) f ,ME(X+∧G∧2m ) f , . . .)
is motivically fibrant and represents the T -spectrum X+∧E in the category of bispectra, where
“ f” refers to stable local fibrant replacements of S1-spectra.
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(2) If d < 1 then the (S1,G∧1m )-bispectrum
MGE (X) f := (ME(X) f ,ME(X+∧G∧1m ) f ,ME(X+∧G∧2m ) f , . . .)
is motivically fibrant and represents the T -spectrum X+∧E in the category of bispectra, where
“ f” refers to level local fibrant replacements of S1-spectra.
(3) If d > 1 then the (S1,G∧1m )-bispectrum
Ωd−1
S1∧G∧1m ((ME[d−1](X) f ,ME[d−1](X+∧G
∧1
m ) f ,ME[d−1](X+∧G∧2m ) f , . . .))
is motivically fibrant and represents the T -spectrum X+∧E in the category of bispectra, where
“ f” refers to stable local fibrant replacements of S1-spectra. Here E[d − 1] stands for the
(d−1)-th shift of E in the sense of Definition 2.6. Another equivalent model for the T -spectrum
X+∧E in the category of bispectra is given by
Ωd−1
S1∧G∧1m ((MT d−1∧E(X) f ,MT d−1∧E(X+∧G
∧1
m ) f ,MT d−1∧E(X+∧G∧2m ) f , . . .)).
This bispectrum is motivically fibrant and “ f” refers to stable local fibrant replacements of
S1-spectra.
Proof. (1). The fact that the bispectrum MGE (X) f is motivically fibrant follows from Proposi-
tion 9.12 and Lemma 9.11. It remains to show that it represent E in the category of bispectra.
Without loss of generality we may assume X = pt, because we can replace E with X+ ∧
E . It follows from Theorem 8.1 that E is isomorphic in SHT (k) to C∗FrE(ST ) f . The latter
is a T -spectrum (see Definition 7.4). It is positively fibrant by Theorem 8.1. The motivic
equivalence T˜ := A1//Gm → T induces an equivalence of categories SHT (k) ≃−→ SHT˜ (k). It
takes E to a T˜ -spectrum isomorphic to C∗FrE(ST ) f . By Lemma 9.8 and Proposition 9.9 the
natural map C∗FrE(ST˜ )
f →C∗FrE(ST ) f is a sectionwise weak equivalence in positive degrees,
where S
T˜
= (S0, T˜ , T˜∧2, . . .). By the sublemma on p. 25 C∗FrE(ST˜ )
f is a motivically fibrant
T˜ -spectrum in positive degrees (notice that each space C∗FrE(ST˜ )
f
i>0 is motivically fibrant by
Proposition 9.9). We see that C∗FrE(ST˜ )
f is a positively fibrant T˜ -spectrum representing E
in SH
T˜
(k). Consider now the canonical motivic weak equivalence T˜ → S1 ∧G∧1m . For the
same reasons C∗FrE(SS1∧G∧1m )
f is a positively fibrant T˜ -spectrum which is sectionwise weakly
equivalent to C∗FrE(ST˜ )
f . We use here Lemma 9.10 as well. It follows that C∗FrE(SS1∧G∧1m )
f is
a positively fibrant S1∧G∧1m -spectrum representing E in SHS1∧G∧1m (k). It remains to observe that
this spectrum is equivalent to the diagonal spectrum for the bispectrum
MGE (X) := (ME(X),ME(X+∧G∧1m ),ME(X+∧G∧2m ), . . .).
(2). This immediately follows from (1) if we observe that a levelwise local fibrant replace-
ment of each weighted E-framed motive ME(X+ ∧G∧nm ) f , n > 0, is a motivically fibrant S1-
spectrum. To see the latter, we repeat the proof of Proposition 9.12(3) and apply Lemma 4.14.
(3). This follows from (1) if we observe that E[d− 1] and T d−1 ∧E are symmetric Thom
T -spectra with the bounding constant d = 1. 
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10. TOPOLOGICAL THOM SPECTRA WITH FINITE COEFFICIENTS
In this section we give a topological application of Theorem 9.13. Namely, many important
topological Thom spectra like MU can be obtained as the the realization of their motivic coun-
terparts if the base field is C. We shall prove below that the stable homotopy groups of such
topological Thom spectra with finite coefficients can be computed by means of the stable ho-
motopy groups with finite coefficients of weight zero of the associated E-framed motive, which
is an explicit positively fibrant S1-spectrum by the very construction. We first need a couple of
useful lemmas.
By f0(SH(k)) we shall mean the full triangulated subcategory of effective T -spectra, i.e., the
subcategory which is compactly generated by the suspension T -spectra of the smooth algebraic
varieties. We shall also write fℓ(SH(k)), ℓ ∈ Z, to denote f0(SH(k))∧T ℓ.
10.1. Lemma. Suppose Z → X is a closed embedding of smooth varieties of codimension ℓ.
Then the suspension T -spectrum Σ∞T (X/X −Z) of the sheaf X/X−Z belongs to fℓ(SH(k)).
Proof. If X/X−Z = Z+∧T ℓ then our assertion is trivial. By using induction, we can cover X by
open subsets X1,X2 such that Z2 = Z∩X2→ X2 is a trivial embedding and X1 is covered by n−1
open trivial pieces. Then for X12 =X1∩X2 the embedding Z12 := Z∩X12→X12 is trivial. Denote
by Y := X/X−Z and by Yi := Xi/Xi−Zi. Then Σ∞TY12,Σ∞TY2 ∈ fℓ(SH(k)) and Σ∞TY1 ∈ fℓ(SH(k))
by induction hypothesis. By Lemma 4.6 Y is a pushout of sheaves embeddings Y1 ←֓ Y12 →֒Y2.
Therefore we have a triangle in SH(k)
Σ∞TY12 → Σ∞TY1⊕Σ∞TY2 → Σ∞TY +−→
in which the left two entries belong to fℓ(SH(k)). It follows that Σ
∞
TY ∈ fℓ(SH(k)). 
10.2. Lemma. Let E be a Thom T-spectrum with the bounding constant d. Then E belongs to
f1−d(SH(k)). In particular, E is an effective T -spectrum if d 6 1.
Proof. Since fd(SH(k)) = f0(SH(k))∧T d for any integer d, we may assume d = 1 and show
that E is an effective T -spectrum in this case.
We have E = colimk LkE , where each layer has stable homotopy type of Ω
k
T ((Σ
∞
TEk)
f ). Here
(Σ∞TEk)
f stands for a stable motivic fibrant replacement of Σ∞TEk. Then E is isomorphic in SH(k)
to hocolimkΩ
k
T ((Σ
∞
TEk)
f ).
Each Ek = colim j(Vk, j/Vk, j−Zk, j), where codimension of Zk, j inVk, j is larger than or equal to
k. By Lemma 10.1 the flasque cofibrant T -spectrum Σ∞T (Vk, j/Vk, j−Zk, j) is in fk(SH(k)). Since
Σ∞TEk is isomorphic in SH(k) to hocolim j(Σ
∞
T (Vk, j/Vk, j −Zk, j)) and fk(SH(k)) is closed under
homotopy colimits, it follows that Σ∞TEk ∈ fk(SH(k)), and hence ΩkT ((Σ∞TEk) f ) ∈ f0(SH(k)).
The isomorphism E ∼= hocolimkΩkT ((Σ∞TEk) f ) in SH(k) now implies E ∈ f0(SH(k)). 
Suppose that the base field k has an embedding ε : k →֒ C. Following Panin–Pimenov–
Ro¨ndigs [17, §A4] there is a natural realization functor
Reε : SH(k)→ SH,
where SH is the homotopy category of the stable model category of classical S2-spectra of
topological spaces (it is canonically equivalent to the homotopy category of the stable model
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category of classical S1-spectra as well). Reε is an extension of the functor
An : Smk → Top
sending a k-smooth variety X to Xan := X(C) with the classical topology.
Following Levine’s indexing [13], denote by piA
1
a,b(E), where E ∈ SH(k), the Nisnevich sheaf
on Smk associated to the presheaf U 7→ HomSH(k)(ΣaS1ΣbG∧1m U+,E). For E ∈ SH(k) (respectively
E ∈ SH) and a positive integer N, we let E/N denote an object of SH(k) (respectively E/N ∈
SH) that fits into a triangle E
N·id−−→ E→ E/N→ E[1]. By definition, piA1a,b(E;Z/N) := piA
1
a,b(E/N)
(respectively pin(E;Z/N) := pin(E/N)).
We are now in a position to prove the main result of the section.
10.3. Theorem. Let k be an algebraically closed field of characteristic zero with an embedding
ε : k →֒ C. Suppose E is a symmetric Thom T-spectrum with the bounding constant d 6 1 and
contractible alternating group action. Then for all integers N > 1 and n ∈ Z, the realization
functor Reε induces an isomorphism
pin(ME(pt)(pt);Z/N) ∼= pin(Reε(E);Z/N)
between stable homotopy groups with modN coefficients.
Proof. By Lemma 10.2 E is an effective T -spectrum. It follows from [13, 7.1] that the map
piA
1
n,0(E;Z/N)(pt)→ pin(Reε(E);Z/N)
is an isomorphism for all n ∈ Z. Theorem 9.13 implies that piA1n,0(E;Z/N) is computed as the
sheaf piNisn (ME(pt) f ;Z/N). It remains to observe that
piNisn (ME(pt) f ;Z/N)(pt) = pin(ME(pt);Z/N)(pt) = pin(ME(pt)(pt);Z/N),
what completes the proof. 
As the realization ofMGL is isomorphic toMU , the complex cobordism S2-spectrum, and, by
Quillen’s Theorem [20], pi∗(MU) is isomorphic to the Lazard ring Laz= Z[x1,x2, . . .], deg(xi) =
2i, the preceding theorem implies the following
10.4. Corollary. Let k be an algebraically closed field of characteristic zero with an embed-
ding ε : k →֒ C. For all n > 1 and i ∈ Z, there is an isomorphism pii(MMGL(pt)(pt);Z/n) ∼=
Lazi/nLazi, where MMGL(pt) is the MGL-motive of the point pt = Spec(k).
11. NORMAL E -FRAMED MOTIVES
Suppose E is a symmetric Thom T -spectrum with contractible alternating group action and
the bounding constant d = 1. In Theorem 9.13 we have constructed an explicit fibrant bispec-
trum representing E in terms of E-framed motives. We can simplify E-framed motives further
by forgetting a bit of information and construct, up to a local equivalence of S1-spectra, an equiv-
alent model for them, called normal E-framed motives. Then we construct in Theorem 11.23
an explicit fibrant bispectrum representing E whose entries are expressed in terms of weighted
normal E-framed motives. Another advantage of normal E-framed motives is that they lead to
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representability of important Thom spectra like MGL by schemes (this material is treated in the
next section in details).
11.1. Convention. From now on we shall assume that a symmetric Thom spectrum E with the
bounding constant d = 1 and contractible alternating group action is of the form:
• for any n> 0, En = Th(Vn) with Vn → Zn a Σn-equivariant vector bundle of rank n over
Zn ∈ Smk;
• The bonding maps En∧Tm→ En+m are induced by closed embeddings in,m : Zn→ Zn+m
such that we have a Cartesian square
Vn×Am
In,m //

Vn+m

Zn
in,m // Zn+m
and in+m,r ◦ in,m = in,m+r. Applying the shuffle permutation χn,m ∈ Σn+m, define the left
inclusion maps iln,m := χn,m ◦ in,m. We require the left inclusion maps iln,m to fit into
Cartesian squares
A
m×Vn
Iln,m //

Vm+n

Zn
iln,m // Zm+n
where Iln,m is the composition A
m×Vn tw−→ Vn×Am In,m−−→ Vn+m χn,m−−→ Vm+n. Observe that
the maps Iln,m induce the left bonding maps ul : T
m∧En→ Em+n in the sense of Defini-
tion 2.6.
11.2. Remark. The spectrum Σ∞TX+ satisfies conditions of 11.1 with Zn = X ,Vn = X ×An. The
spectrum MGL is a directed colimit of spectra of the form 11.1. Indeed, for any i > 0 there
is a spectrum E(i), where E
(i)
n = Th(V
(i)
n ) and V
(i)
n = T GLn,ni is the tautological vector bundle
over the Grassmannian Z
(i)
n = Gr(n,ni). Then the spectra E(i) satisfy conditions of 11.1 and
MGL= colimiE
(i) [16, §2.1].
When E is a symmetric Thom T 2-spectrum with the bounding constant d= 1 and contractible
alternating group action, we impose analogous conditions:
• En = Th(Vn), whereVn→ Zn is a Σn-equivariant vector bundle of rank 2n over Zn ∈ Smk
for any n> 0;
• The bonding maps En ∧ T 2m → En+m are induced by closed embeddings in,m : Zn →
Zn+m such that we have a Cartesian square
Vn×A2m
In,m //

Vn+m

Zn
in,m // Zn+m
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and in+m,r ◦ in,m = in,m+r. Applying the shuffle permutation χn,m ∈ Σn+m, one sets iln,m =
χn,m ◦ in,m. The maps iln,m are required to fit into Cartesian squares
A
2m×Vn
Iln,m //

Vm+n

Zn
iln,m // Zm+n
where Iln,m is the composition A
m×Vn tw−→ Vn×Am In,m−−→ Vn+m χn,m−−→ Vm+n. Observe that
the maps Iln,m induce the left bonding maps ul : T
2m∧En → Em+n in the sense of Defi-
nition 2.6.
11.3. Remark. The T 2-spectra MSL and MSp are directed colimits of spectra that satisfy the
above assumptions. Namely,MSL= colimE(i) where E
(i)
n = Th(V
(i)
n ),V
(i)
n =T SLn,ni is the tau-
tological special bundle over the special Grassmannian Z
(i)
n = SGr(n,ni) [18, §4]. The spectrum
MSp = colimE(i) where E
(i)
n = Th(V
(i)
n ), V
(i)
n = T Spn,ni is the tautological symplectic bundle
over the symplectic Grassmannian Z
(i)
n =HGr(n,ni) [18, §6].
As in the previous sections we shall only consider the case of a T -spectrum E . The interested
reader will easily do the same constructions for T 2-spectra in a similar fashion.
11.4. Definition. (Cf. [5, B.7.1]) Suppose X → Y is a closed embedding. We call X a locally
complete intersection (l.c.i.) subscheme of Y if for every point of X there is an affine neighbor-
hood in Y such that ideal of definition of X is generated by a regular sequence.
11.5. Remark. ([1, Corollary 4.5]) If Y is regular and X is a closed subscheme of codimension
d, then X is an l.c.i. subscheme if and only if the ideal of definition of X is locally generated by
d elements.
11.6. Lemma. For X ,Y ∈ Smk, there is a natural bijection between the set FrEn (X ,Y ) and the
set of equivalence classes of quadruples (U,Z,φ , f ), where
• Z is a closed l.c.i. subscheme of AnX , finite and flat over X;
• U is an e´tale neighborhood of Z in AnX ;
• φ : U →Vn is a regular map, called a framing, such that Z =U ×Vn Zn;
• f : U →Y is a regular map.
Two quadruples (U,Z,φ , f ) and (U ′,Z′,φ ′, f ′) are equivalent if Z = Z′ and there is an open
neighborhood U0 of Z in U ×AnX U ′ such that the framings φ ,φ ′ as well as regular maps f , f ′
coincide on U0.
Proof. By Voevodsky’s Lemma 2.12, the elements of FrEn (X ,Y ) can be described as the sets
of equivalence classes of quadruples (U,Z,φ , f ), where Z is a closed subset of AnX , finite over
X , U is its e´tale neighborhood, and φ : U → Vn is a regular map such that Z = φ−1(Zn), and
f : U → Y is a regular map. Two quadruples (U,Z,φ , f ) and (U,Z′,φ ′, f ′) are equivalent if
Z = Z′ and there is an open neighbourhood of Z inU ×AnX U ′, where φ coincides with φ ′, and f
coincides with f ′.
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For any such quadruple the framing φ : U → En defines a closed subscheme Z′ =U ×Vn Zn.
Then (Z′)red = Z, hence Z has codimension n inU , and is locally defined by n equations. Then
it is an l.c.i. subscheme ofU by Remark 11.5. Since (Z′)red = Z is finite over X , Z is finite over
X as well, and the composition Z′→U → AnX is a closed embedding by [22, Tag 04XV]. Since
U → AnX is e´tale, it induces an isomorphism between conormal sheaves of Z′ in U and Z′ in
A
n
X by [22, Tag 0635]. Then by Nakayama’s lemma Z
′ locally is defined in AnX by n equations.
Thus Z′ is an l.c.i. subscheme in AnX , finite over X . It is flat over X by [22, Tag 00R3]. Then the
assignment (U,Z,φ , f ) 7→ (U,Z′,φ , f ) defines the desired bijection between FrEn (X ,Y ) and the
set of the statement of the lemma. 
11.7. Definition. For X ,Y ∈ Smk the set of normal framed correspondences F˜rEn (X ,Y ) is the set
of equivalence classes of quintuples (U,Z,φ ,ψ , f ), where
• Z is an l.c.i. subscheme of AnX , finite and flat over X ;
• U is an e´tale neighborhood of Z in AnX ;
• ψ : U → Zn is a regular map and φ : NZ/AnX ∼= (ψ i)∗Vn is an isomorphism of vector
bundles, where i is the inclusion i : Z→U ;
• f : Z→Y is a regular map.
Two quintuples (U,Z,φ ,ψ , f ) and (U ′,Z′,φ ′,ψ ′, f ′) are equivalent if Z = Z′ as subschemes of
A
n
X and there is an open neighborhood U
′′ of Z in U ×AnX U ′ such that ψ = ψ ′ on U ′′, φ = φ ′,
and f = f ′.
11.8. Definition. For an affine scheme X = SpecA and its closed subscheme Z = SpecA/I of
X denote by Xh := SpecAh, where (Ah, Ih) is the Henselian pair associated to (A, I)[22, Tag
09XD]. We call Xh the Henselization of X in Z. If (A, I) is a Henselian pair, we will call
(X ,Z) = (SpecA,SpecA/I) a Henselian pair of schemes.
11.9. Remark. Suppose i : Z→U is a closed l.c.i. subscheme and φ : U →Vn is a regular map
such that φ∗J ⊆ I, where I is the sheaf of ideals defining Z in U and J is the sheaf of ideals
defining Zn in Vn. Then it defines a morphism of vector bundles
N(φ) : NZ/U → (piφ i)∗Vn, (6)
where pi is the projection pi : Vn → Zn, which is dual to the morphism of sheaves
J/J2⊗OZn OZ → I/I2.
11.10. Lemma. In the notation of Remark 11.9 one has:
(1) if φ : U →Vn is a framing of Z, then N(φ) is an isomorphism;
(2) if U is affine, (Z,U) is a Henselian pair, and the morphism N(φ) is an isomorphism,
then φ is a framing of Z in U.
Proof. (1). Note that when φ is a framing, I is generated by the image of J. Hence the map
J/J2⊗OZn OZ → I/I2 induced by φ is is a surjection of locally free sheaves of rank n, and so it
is an isomorphism. Thus N(φ) is an isomorphism.
(2). Let U = SpecR and let I′ ⊆ I denote the ideal generated by the image of J. Since N(φ)
is an isomorphism, the dual map J/J2⊗OZn OZ → I/I2 is surjective, hence I = I′+ I2. Since
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I ⊆ Jac(R), then I = I′ by Nakayama’s lemma. We see that I is generated by the image of J, and
hence φ is a framing. 
There is a forgetful map
f og : FrEn (X ,Y )→ F˜r
E
n (X ,Y ), (U,Z,φ , f ) 7→ (U,Z,N(φ),piφ , f ).
There is also a stabilization map
F˜r
E
n (X ,Y )→ F˜r
E
n+1(X ,Y ), (U,Z,ψ ,φ , f ) 7→ (U ×A1,Z×0,ψ ′,φ ′, f ),
where ψ ′ is the composition ψ ′ : U ×A1→U ψ→ Zn → Zn+1 and φ ′ is the composition
φ ′ : NZ×0/An+1X = NZ/AnX ⊕1
φ⊕1−−→ (ψ i)∗(Vn⊕1) = (ψ ′i)∗(Vn+1).
Denote by F˜r
E
(−,Y ) the colimit of the presheaves F˜rEn (−,Y ) with respect to the stabilization
maps
F˜r
E
(−,Y ) := colimn F˜rEn (−,Y ).
11.11. Lemma. The presheaf F˜r
E
(−,Y ) admits framed transfers and the forgetful map induces
a map f og : FrE(−,Y )→ F˜rE(−,Y ) of presheaves with framed transfers.
Proof. We shall construct a pairing
Frn(X ,Y )× F˜rEm(Y,W )→ F˜r
E
n+m(X ,W ),(b,a) 7→ b∗(a)
as follows. If a= (U,Z,φ ,ψ , f ) ∈ F˜rEm(Y,W ) and b= (U ′,Z′,φ ′, f ′)∈ Frn(X ,Y ), define b∗(a) =
(U ′′,Z′′,φ ′′,ψ ′′, f ′′), whereU ′′ =U ′×YU,Z′′ = Z′×Y Z, ψ ′′ is the composition
ψ ′′ : U ′×YU →U → Zm
ilm,n−−→ Zn+m.
Since the canonical map τ : (NZ′/U ′)|Z′′ ⊕ (NZ/U)|Z′′ → NZ′′/U ′′ is a surjection of vector bundles
of the same rank, it is an isomorphism. Define the isomorphism φ ′′ as the composition
φ ′′ : NZ′′/U ′′
τ−1−−→ (NZ′/U ′)|Z′′ ⊕ (NZ/U)|Z′′
N(φ ′)⊕φ−−−−−→ 1n⊕ (iψ)∗Vm → (iψ ′′)∗Vn+m,
where N(φ) stands for the isomorphism of formula (6) for E = ST . The function f
′′ is, by
definition, the composition U ′′→U →W. This pairing is plainly compatible with stabilization
by m and endows F˜r
E
(−,Y ) with the structure of a framed presheaf such that the forgetful map
FrE(−,Y )→ F˜rE(−,Y ) is a morphism of framed presheaves. 
11.12. Remark. If X is an affine smooth variety, the set FrEn (X ,Y ) (respectively F˜r
E
n (X ,Y )) is in
bijective correspondence with the set of triples (Z,φ , f ), where Z is an l.c.i. closed subscheme
in AnX , finite and flat over X , φ : (A
n
X)
h → Vn such that Z = (AnX)h×Vn Zn, and f : (AnX)h → Y
(respectively with the set of quadruples (Z,φ ,ψ , f ), where Z is an l.c.i. closed subscheme in
A
n
X , finite and flat over X , ψ : (A
n
X)
h → Zn, and φ : NZ/AnX
∼=→ (ψ i)∗Vn, f : (AnX)h →Y ).
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11.13. Lemma. Suppose there is an e´tale map Y → Ad . Then the forgetful map of presheaves
f og : FrEn (−,Y )→ F˜r
E
n (−,Y ) is locally surjective in the Nisnevich topology.
Proof. Suppose X is a local Henselian scheme and (Z,φ ,ψ , f ) ∈ F˜rEn (X ,Y ). Then Z is semi-
local Henselian and the map ψ : U → Zn, where U is the Henselization of Z in AnX , factors
as U
ψ˜−→ Z0n ⊆ Zn, where Z0n is an open subset of Zn such that the fiber Vn over Z0n is a trivial
vector bundle. Let i denote the inclusion Z →֒U . Fix a trivialization Vn|Z0n ∼= Z0n×An. It gives a
trivialization of (ψ i)∗Vn. Composing the latter trivialization with φ , one gets a trivialization φ˜ of
the bundle NZ/AnX = NZ/U . The trivialization φ˜ provides a basis of the k[Z]-module I/I
2, where
I is the ideal of definition of Z inU . The basis of I/I2 lifts to a set of generators γ = (γ1, . . . ,γn)
of I. They define a map φ ′ = (ψ˜ ,γ) : U → Z0n ×An → Vn such that φ = N(φ ′) in the sense of
formula (6).
Now let us extend the regular map f : Z→Y to f ′ : U → Y . By assumption, there is an e´tale
map g : Y → Ad. There is also a map h : U → Ad that extends the composition g f : Z → Ad .
ThenW =U×Ad Y will give an e´tale neighbourhood of Z inU , hence there is a sectionU →W .
Then the composition f ′ : U →W →Y extends f . We see that the triple (Z,φ ′, f ′) ∈ FrEn (X ,Y )
is a preimage of (Z,φ ,ψ , f ) ∈ F˜rEn (X ,Y ). 
11.14. Definition. For Y ∈ Smk define a presheaf of S1-spectra F˜rE(Y ⊗ S) associated to the
presheaf of Γ-spaces K 7→ F˜rE(Y ⊗K) (cf. [6, Section 5])
F˜r
E
(Y ⊗S) = (F˜rE(Y ), F˜rE(Y ⊗S1), F˜rE(Y ⊗S2), . . .).
The normal E-framed motive of Y is the presheaf of S1-spectra
M˜E(Y ) =C∗F˜r
E
(Y ⊗S) = (C∗F˜rE(Y ),C∗F˜rE(Y ⊗S1),C∗F˜rE(Y ⊗S2), . . .).
It follows from Lemma 11.11 that both F˜r
E
(Y ⊗S) and M˜E(Y ) are presheaves of S1-spectra with
framed transfers.
11.15. Lemma. The presheaves of stable homotopy groups pii(F˜r
E
(Y ⊗S)) have ZF∗-transfers
and the presheaves of stable homotopy groups pii(M˜E(Y )) are A
1-invariant stable ZF∗-pre-
sheaves.
Proof. For X1,X2 there is a natural bijection F˜r
E
n (X1⊔X2,Y )→ F˜r
E
n (X1,Y )× F˜r
E
n (X2,Y ), hence
there is an isomorphism F˜r
E
(X1 ⊔X2,Y ⊗ S)→ F˜rEn (X1,Y ⊗ S)× F˜r
E
n (X2,Y ⊗ S) of S1-spectra.
Then the presheaves pii(F˜r
E
(Y ⊗ S)) are radditive with framed transfers, and hence these are
ZF∗-presheaves.
Recall that σX ∈ Fr1(X ,X) uniquely corresponds to the canonical motivic equivalence X+∧
P
∧1→ X+∧T and is given by the quadruple (X×0,X×A1, prA1 , prX ). Then σ ∗X : F˜r
E
n (X ,Y )→
F˜r
E
n+1(X ,Y ) differs from the stabilization map F˜r
E
n (X ,Y )→ F˜r
E
n+1(X ,Y ) by the action of the
shuffle permutation χ1,n on A
n+1
X and on the vector bundle Vn+1. As usual, when n is even, they
differ by an A1-homotopy, hence induce homotopic maps C∗F˜r
E
n (X ,Y )→C∗F˜r
E
n+1(X ,Y ). Thus
σ ∗X induces the identity map on presheaves of homotopy groups. 
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11.16. Definition. For a map of simplicial presheaves f : X → Y denote by Cˇ( f ) the diagonal
of the Cˇech bisimplicial presheaf with n-simplices given by simplicial presheaf
Cˇ( f )n = X ×Y × . . .×Y X (n+1 times)
with the usual face and degeneracy maps. Then f factors as a composition
X
d( f )−−→ Cˇ( f ) p( f )−−→Y
where d( f ) is the diagonal map
d( f )n : Xn → Xn×Yn× . . .×Yn Xn
and p( f ) is the projection
p( f )n : Xn×Yn× . . .×Yn Xn →Yn.
Note that if X(U)→ Y (U) is surjective for U ∈ Smk, then p( f ) : Cˇ( f )(U)→ Y (U) is a weak
equivalence of simplicial sets.
11.17. Definition. For every simplicial presheaf X denote by C∗X the diagonal of the bisimpli-
cial presheaf n 7→ X(∆nk). Then there is a canonical inclusion map c0 : X →C∗(X), and for every
U ∈ Smk the map
C∗(c0) : C∗X(U)→C∗C∗X(U)
is a weak equivalence of simplicial sets.
11.18. Lemma. Suppose there is an e´tale map g : Y → Ad and f ogY : FrEn (Y )→ F˜r
E
n (Y ) is the
forgetful map. Then there exists a map of simplicial presheaves HY : Cˇ( f ogY )→C∗FrEn (Y ) on
the category of smooth affine varieties, compatible with stabilization by n, and that fits into the
commutative diagram
FrEn (Y )
d( f og)

c0 // C∗FrEn (Y )
C∗( f ogY )

Cˇ( f ogY )
HY
66❧❧❧❧❧❧❧❧❧❧❧❧❧❧
c0◦p( f og) // C∗(F˜r
E
n (Y )).
(7)
Moreover, the map HY is functorial in Y in the following sense: if g : Y → Ad is e´tale, g′ : Y ′→
A
d is e´tale, and q : Y →Y ′ is a map such that g′q= g, then the diagram
Cˇ( f ogY )

HY // C∗FrEn (Y )

Cˇ( f ogY ′)
HY ′ // C∗FrEn (Y ′)
(8)
is commutative. Here the vertical arrows are induced by q.
Proof. For brevity we sometimes write f og instead of f ogY . For an affine smooth X the set of m
simplices Cˇ( f og)m(X) consists of (m+1)-triples of correspondences (Z,φ0, f0), . . . ,(Z,φm, fm)
in FrEn (X ,Y ) such that the maps piφ0, . . . ,piφm : U → Zn are equal, isomorphisms on normal
bundles N(φi) : NZ/AnX → (piφii)∗Vn are equal for i = 0, . . . ,m, and the regular maps fi : U → Y
coincide on Z. HereU denotes the Henselization of Z in AnX and we use Remark 11.12 here.
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The addition mapVn×ZnVn→Vn and scalar multiplication map A1×Vn→Vn give rise to the
linear combination map
Vn×ZnVn× . . .×ZnVn×Am+1→Vn,
((v0, . . . ,vm),(t0, . . . , tm)) 7→ t0v0+ . . .+ tmvm.
For a (m+ 1)-tuple (Z,φ0, f0), . . . (Z,φm, fm) in Cˇ( f og)m(X) the maps φ0, . . . ,φm coincide
after composing them with pi : Vn → Zn, hence they define a map φ : U → Vn×Zn × . . .×Zn Vn.
Taking composition with the linear combination map, we get a map
Φ = t0φ0+ . . .+ tmφm : U ×∆mk →Vn,
where t0, . . . , tm denote the barycentric coordinates on ∆
m
k . Let J denote the sheaf of ideals
defining Zn in Vn. For every φi we have that φ
∗
i (J) lies inside the ideal I defining Z inU . Then
Φ∗(J) lies inside the ideal I⊗k k[∆m]⊆ k[U ]⊗k k[∆m] which defines Z×∆mk insideU ×∆mk .
Let Φh : (U ×∆mk )h → Vn denote the map on Henselization induced by Φ. Since Φ∗(J) ⊆
I ⊗ k[∆m], then (Φh)∗(J) ⊆ (I ⊗ k[∆m])h, where the latter denotes the corresponding ideal in
the Henselization ring k(U ×∆m)h. The normal bundles NZ×∆mk /U×∆mk and NZ×∆mk /(U×∆mk )h are
canonically isomorphic. We denote them by NZ×∆mk for brevity. By 11.9 Φ
h defines a morphism
of vector bundles
N(Φh) : NZ×∆m
k
→ (piΦhi∆)∗Vn,
where i∆ : Z×∆mk → (U ×∆mk )h denotes the inclusion. Let i : Z →U denote the inclusion, and
p : Z×∆mk → Z denote the projection. Then piΦhi∆ = piφ jip for every j= 0, . . . ,m. In particular,
piΦhi∆ = piφ0ip. The normal bundle NZ×∆m
k
is canonically isomorphic to the pullback p∗NZ/U .
By construction, the morphism of bundles N(Φh) equals the sum
N(Φh) = t0p
∗N(φ0)+ . . .+ tmp∗N(φm) : p∗NZ/U → p∗(piφ0i)∗Vn.
Since N(φi) = N(φ0) for all i= 0, . . . ,m, then N(Φ
h) = p∗N(φ0) is an isomorphism, because so
is N(φ0). Then Φ
h is a framing of Z×∆mk in (U ×∆mk )h by Lemma 11.10(2).
The maps f0, . . . , fm : U →Y coincide on Z. Consider the map
t0g f0+ . . .+ tmg fm : U ×∆mk → Ad .
Then the fiber product U ′ = (U ×∆mk )×Ad Y is an e´tale neighborhood of Z×∆mk in U ×∆mk ,
hence there is a unique section s : (U ×∆mk )h →U ′, where (U ×∆mk )h is the Henselization of
Z×∆mk inU ×∆mk . Denote by t0 f0+ . . .+ tm fm the composition
(U ×∆mk )h s→U ′→Y.
Then for every m> 0 one gets a map Hm : Cˇ( f og)m →CmFrEn (Y ) defined as
Hm : (Z,φ0, f0), . . . (Z,φm, fm) 7→ (Z×∆mk ,Φh, t0 f0+ . . .+ tm fm)
in the notation of Remark 11.12. Clearly, the maps Hm are compatible with the face and degen-
eracy maps and yield the desired morphism of simplicial presheaves HY : Cˇ( f ogY )→C∗FrEn (Y )
on the category of smooth affine varieties.
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If am-tuple ((Z,φ0, f0), . . . (Z,φm, fm)) in Cˇ( f og)m is in the image of d( f og), then (Z,φi, fi)=
(Z,φ0, f0) for i= 0, . . .m. Thus (Z×∆mk ,Φh, t0 f0+ . . .+ tm fm) = (Z×∆mk ,φ0 ◦ pr, f0 ◦ pr), where
pr : U ×∆mk →U is the projection. Then the left triangle in the diagram (7) is commutative.
As we have already proved, if Φ = t0φ0+ . . .+ tmφm then N(Φ
h) = p∗N(φ0). It follows that
the right triangle in the diagram (7) is commutative as well.
To see that the diagram (8) commutes when q : Y → Y ′ is a map over Ad, we note that the
following maps coincide:
t0g f0+ . . .+ tmg fm = t0g
′q f0+ . . .+ tmg′q fm : U ×∆mk → Ad .
Then the diagram
(U ×∆mk )h //
''PP
PP
PP
PP
PP
PP
(U ×∆mk )×Ad Y //

Y
q

(U ×∆mk )×Ad Y ′ // Y ′
is commutative. Thus we get that
q(t0 f0+ . . .+ tm fm) = t0q f0+ . . .+ tmq fm : (U ×∆mk )h →Y ′,
and hence (8) commutes. 
11.19. Lemma. Suppose there is an e´tale map g : Y →Ad . Then the natural map f og : FrE(Y )→
F˜r
E
(Y ) induces a local stable weak equivalence of S1-spectra ME(Y )
≃→ M˜E(Y ).
Proof. For every n > 0 the map f og : FrEn (Y )→ F˜r
E
n (Y ) is locally surjective by Lemma 11.13.
It follows that the induced map Cˇ( f og)→ F˜rEn (Y ) is a local weak equivalence. Let Cˇ( f og⊗S)
denote the presheaf of Segal S1-spectra associated to the presheaf of Γ-spaces K 7→ Cˇ( f og⊗K),
where f og⊗K is the forgetful map f og : FrEn (Y ⊗K)→ F˜r
E
n (Y ⊗K). Then the induced map
Cˇ( f og⊗S)→ F˜rEn (Y ⊗S)
is a levelwise local weak equivalence of S1-spectra.
For any finite pointed set K we have that Y ⊗K is e´tale over Ad via the natural composition
Y ⊗K→ Y g−→ Ad and for any map K→ K′ of pointed sets the induced map Y ⊗K→ Y ⊗K′ is
a map of varieties over Ad . Then the maps HY⊗K of Lemma 11.18 induces a map of presheaves
of S1-spectra H : Cˇ( f og⊗S)→C∗FrEn (Y ⊗S). Applying C∗ we get a commutative diagram
C∗FrEn (Y ⊗S)
C∗d( f og)

// C∗C∗FrEn (Y ⊗S)
C∗C∗( f og)

C∗Cˇ( f og⊗S) //
C∗H
66♥♥♥♥♥♥♥♥♥♥♥♥♥
C∗C∗F˜r
E
n (Y ⊗S)
The horizontal arrows in the diagram are motivic stable weak equivalences. ThenC∗H has both
a left and a right inverse in SHS1(k). So C∗H is a motivic stable weak equivalence as well,
and hence so are the vertical arrows. Since C∗ is an idempotent operation up to motivic equiv-
alence and sequential colimits preserve stable motivic equivalences, it follows that C∗( f og) :
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ME(Y )→ M˜E(Y ) is a motivic stable weak equivalence. It follows from Lemmas 9.12(3), 11.15,
[6, 7.1] and [7, 1.1] that local stable fibrant replacementsME(Y ) f ,ME(Y ) f ofME(Y ),ME(Y ) are
motivically fibrant S1-spectra. Therefore the induced map C∗( f og) f : ME(Y ) f → M˜E(Y ) f is a
sectionwise level weak equivalence of spectra, and henceC∗( f og) :ME(Y )→ M˜E(Y ) is a stable
local weak equivalence, as required. 
11.20. Lemma. Suppose Y ∈ Smk equals the union of two open subschemes Y1 and Y2. Let
Y12 =Y1∩Y2. Then
M˜E(Y12) //

M˜E(Y1)

ME(Y12) //

ME(Y1)

M˜E(Y2) // M˜E(Y ) ME(Y2) // ME(Y )
are homotopy pushout squares in the local stable model structure of S1-spectra.
Proof. Similar to [6, Definition 8.3] one can introduce the presheaves of abelian groups Z˜F
E
(Y )
imposing the additivity relation on supports in ZF˜r
E
(Y ). The same reasons as in [9, Theorem
1.2] show that homology of the complex C∗Z˜F(Y )(X) computes homology of the S1-spectrum
M˜E(Y )(X) for any X ∈ Smk. Repeating Lemma 4.9, Corollary 4.10 and Proposition 4.11 liter-
ally, one gets that the sequence
0→ Z˜F(Y12)→ Z˜F(Y1)⊕ Z˜F(Y2)→ Z˜F(Y )→ 0
is locally exact, hence there is a triangle in the derived category
C∗Z˜F(Y12)→C∗Z˜F(Y1)⊕C∗Z˜F(Y2)→C∗Z˜F(Y )
of complexes of sheaves. So the first square in the statement of the lemma is homotopy pushout.
The same proof applies to showing that the second square is homotopy pushout. 
11.21. Definition. Suppose E is a directed colimit of spectra E(i) satisfying Condition 11.1.
Define the presheaf F˜r
E
(Y ) as the directed colimit
F˜r
E
(Y ) = colimi F˜r
E(i)
(Y ),
and the normal E-framed motive M˜E(Y ) as the directed colimit M˜E(Y ) = colimi M˜E(i)(Y ).
11.22. Proposition. Suppose Y ∈ Smk and E is a directed colimit of spectra E(i) satisfying
Condition 11.1. Then the natural forgetful map f og : FrE(Y )→ F˜rE(Y ) induces a local stable
weak equivalence of S1-spectra ME(Y )
≃→ M˜E(Y ).
Proof. Every smooth variety Y of dimension d has a Zariski cover by varieties Yi that admit e´tale
maps Yi → Ad. Then the statement follows by induction on the number of varieties in the cover
of Y if we apply Lemmas 11.19 and 11.20 as well as the fact that ME(Y ) = colimiME(i)(Y ). 
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Similar to framed correspondences there is a natural action of the category Fr0(k) on Nis-
nevich sheaves F˜r
E
(−,X) that takes U ∈ Fr0(k) to the sheaf F˜rE(−×U,X ×U). The action
gives rise to maps of S1-spectra
an : M˜E(X+∧G∧nm )→ Hom(G∧1m ,M˜E(X+∧G∧n+1m )), n> 0,
literally repeating the construction of the same maps for weighted K-motives in [8, Section 3].
We finish the section by the following computation.
11.23. Theorem. Suppose X ∈ Smk and E is a symmetric Thom T-spectrum with the bounding
constant d = 1 and contractible alternating group action. Then the (S1,G∧1m )-bispectrum
M˜GE (X) f := (M˜E(X) f ,M˜E(X+∧G∧1m ) f ,M˜E(X+∧G∧2m ) f , . . .)
with bonding maps induced by an-s above is motivically fibrant and represents the T -spectrum
X+ ∧E in the category of bispectra, where “ f” refers to stable local fibrant replacements of
S1-spectra.
Proof. By Lemma 11.15 the sheaves of stable homotopy groups of each S1-spectrum in M˜GE (X) f
are A1-invariant, stable with framed transfers. It follows from [7] that they are strictly A1-
invariant. By [6, 7.1] all S1-spectra of the bispectrum are motivically fibrant. Observe that the
natural map of bispectra
MGE (X) f → M˜GE (X) f ,
induced by the forgetful map, is a level equivalence by Proposition 11.22. It follows from
Theorem 9.13 that M˜GE (X) f is motivically fibrant and represents the T -spectrum X+∧E in the
category of bispectra. 
12. COMPUTING THE ALGEBRAIC COBORDISM SPECTRUM MGL
In this section we give another description of the bispectrum MGE (X) for the case E =MGL
in terms of Hilbert schemes and Ω-correspondences.
12.1. Definition. Given a ring R, we call a submoduleM of RN admissible if the quotient RN/M
is projective. If M is admissible, then it is also projective. We say that a map f : M→ RN is an
admissible embedding if f is injective and f (M) is an admissible submodule of RN .
12.2. Definition. Given a ring R, denote by R[∆n] = R[t0, . . . tn]/(t0+ . . .+ tn−1) the coordinate
ring on ∆nR. Also, R[∂∆
n] := R[∆n]/(t0t1 . . . tn) and for every 0 6 i 6 n, R[∂i∆
n] := R[∆n]/ti
denotes the ring of functions on the i-th face. We also set R[∂i j∆
n] := R[∆n]/(ti, t j).
For every R[∆n]-moduleM denote by ∂M=M⊗R[∆n]R[∂∆n], ∂iM=M⊗R[∆n]R[∂i∆n], ∂i jM =
M⊗R[∆n]R[∂i j∆n].
12.3. Lemma. For any affine X there is a bijection between F˜r
MGL
n (X ,Y ) and the set of quadru-
ples (Z,φ ,ψ , f ), where Z is a closed l.c.i. subscheme of AnX , finite and flat over X, R is
the Henselization ring of Z in AnX , i : Z → SpecR is the embedding, ψ : SpecR → Gr(n),
φ : NZ/AnX → (ψ i)∗τn is an isomorphism of k[Z]-modules, and f : Z→ Y is a regular map.
Proof. This follows from Remark 11.12, Definition 11.21 and the fact that Gr(n)(R) equals
colimGr(n,N)(R) for any k-algebra R. 
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12.4. Definition. For X ,Y ∈ Smk denote by Embn(X ,Y ) the set of couples (Z, f ), where Z is a
closed l.c.i. subscheme in AnX , finite and flat over X , and f is a regular map f : Z→Y . Note that
Embn(X ,Y ) is pointed at the couple ( /0, /0→ Y ).
We need the following intermediate object:
12.5. Definition. For X ,Y ∈ Smk denote by Bn(X ,Y ) the set of quadruples (Z,φ ,ψ , f ), where
Z is a closed l.c.i. subscheme of AnX , finite and flat over X , ψ : Z→Gr(n), φ : NZ/AnX → ψ∗τn is
an isomorphism of vector bundles over Z, and f : Z→ Y is a regular map.
12.6. Remark. The motivic space Gr(n) = colimNGr(n,N) is a directed colimit of closed em-
beddings of smooth varieties. For a k-scheme Z by a regular map ψ : Z → Gr(n) we mean an
element of colimNHom(Z,Gr(n,N)). Then every regular map ψ : Z → Gr(n) induces a vector
bundle ψ∗τ(n) over Z. Note that for a k-algebra R the set Gr(n,N)(R) is in bijective correspon-
dence with the set of rank n admissible submodules of RN (see [22, Tag 089R]).
Note that Bn(−,Y ),Embn(−,Y ) are presheaves on Smk. There are natural forgetful maps
F˜r
MGL
n (−,Y )→ Bn(−,Y )→ Embn(−,Y ). We shall prove that for any smooth affine X these
maps induce weak equivalences of simplicial sets
C∗F˜r
MGL
n (X ,Y )→C∗Bn(X ,Y )→C∗Embn(X ,Y ).
12.7. Lemma. For every affine smooth X the mapC∗F˜r
MGL
n (X ,Y )→C∗Bn(X ,Y ) is a trivial Kan
fibration of simplicial sets.
Proof. The map on zero simplices F˜r
MGL
n (X ,Y )→ Bn(X ,Y ) is surjective by Lemma A.5. Sup-
pose σ : ∆[m]→ C∗(Bn(X ,Y )) is a m-simplex and there is a lift of the boundary γ : ∂∆[m]→
C∗F˜r
MGL
n (X ,Y ). Then γ is represented by a collection γi : ∂i∆[m]→C∗F˜r
MGL
n (X ,Y ), such that γi
and γ j agree on the intersection ∂i∆[m]∩∂ j∆[m].
Suppose σ is represented by a quadruple (Z,φ ,ψ , f ) ∈ Bn(∆mX ,Y ). Let ∂∆mX be the variety
Speck[∆mX ]/(t0t1 . . . tm), where t0, . . . , tm are the barycentric coordinates of the algebraic simplex
∆mX . Let ∂Z = Z×∆mX ∂∆mX denote the fiber of Z over ∂∆mX .
Let R denote the Henselization ring of Z inside An×∆mX . Note that by [22, Tag09XK] the
ring R′ = R⊗k[∆mX ] k[∂∆mX ], is the Henselization ring of ∂Z, and R′i = R⊗k[∆mX ] k[∂i∆mX ] is the
Henselization of ∂iZ, and R
′
i⊗RR′j is the Henselization of ∂iZ∩∂ jZ.
Then each γi is represented by a quadruple (∂iZ,φ |∂iZ,ψ ′i , f |∂iZ) as in Lemma 12.3, where
ψ ′i : SpecR
′
i → Gr(n) extends the map ψ |∂iZ : ∂iZ → Gr(n). For any i, j the maps ψ ′i and ψ ′j
agree on SpecR′i⊗RR′j. Then they descend to a map ψ ′ : SpecR′→ Gr(n).
Then by Lemma A.5 there exists a map ψ ′′ : SpecR→Gr(n) that extends ψ ′ and ψ . Clearly,
the quadruple (Z,ψ ′′,φ , f ) in F˜r
MGL
n (∆
m
X ,Y ) is the desired lift of σ that extends γ . 
12.8. Lemma. For any n and any affine smooth X the forgetful map f : Bn(−,Y )→ Embn(−,Y )
induces a trivial Kan fibration of simplicial sets C∗ f : C∗Bn(X ,Y )→C∗Embn(X ,Y ).
Proof. The map Bn(X ,Y )→Embn(X ,Y ) is surjective, because for every couple (Z, f )∈Embn(X ,Y )
the normal bundle NZ/AnX is a projective module over k[Z], and therefore there is an admissi-
ble embedding φ : NZ/AnX → k[Z]N . By Remark 12.6 it gives rise to a regular map ψ : Z →
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Gr(n,N) → Gr(n) together with an isomorphism φ : NZ/AnX → ψ∗τ(n). It follows that each
(Z, f ) ∈ Embn(X ,Y ) has a preimage (Z,φ ,ψ , f ) ∈ Bn(X ,Y ).
Suppose σ : ∆[m]→ C∗Embn(X ,Y ) is a m-simplex and γ : ∂∆[m]→ C∗Bn(X ,Y ) is a lift of
its boundary. Suppose σ is given by a couple (Z, f ) ∈ Embn(∆mX ,Y ). The map γ is given by
a collection of quadruples γi = (∂iZ,φi,ψi, f |∂iZ) ∈ Bn(∂i∆mX ,Y ) as in Definition 12.5, where
∂i∆
m
X denotes the i-th face of the algebraic simplex ∆
m
X and ∂iZ is the fiber of Z over ∂i∆
m
X . The
elements γi coincide on the intersections ∂i∆
m
X ∩ ∂ j∆mX , and hence the regular maps ψi : ∂iZ →
Gr(n) coincide on the intersections ∂i jZ. So they descend to a regular map ψ : ∂Z→ Gr(n,N)
for some number N by Remark 12.6. The map ψ defines an admissible submodule j : P =
ψ∗τ(n,N)⊆ k[∂Z]N . The isomorphisms φi : N∂iZ → ∂iP coincide on intersections N∂i jZ , then by
Lemma A.6 there is a unique isomorphism φ : N∂Z → P that extends φi.
Then j◦φ : N∂Z → k[∂Z]N is an admissible embedding. By Lemma A.8 it can be extended to
an admissible embedding Φ : NZ → k[Z]N⊕ k[Z]d such that ∂Φ equals the composition of j ◦φ
and the standard embedding k[∂Z]N → k[∂Z]N ⊕ k[∂Z]d . It follows that the image Φ(NZ) ⊆
k[Z]N+d is a rank n admissible submodule, and so it corresponds to a regular map Ψ : Z →
Gr(n,N + d)→ Gr(n) by Remark 12.6 such that the composition ∂iZ → Z Ψ−→ Gr(n) equals
ψi for any i= 0 . . .n. Abusing notation, denote by Φ the isomorphism Φ : NZ/AnX → Φ(NZ/AnX ).
Then the quadruple (Z,Φ,Ψ, f ) ∈ Bn(∆mX ,Y ) is the desired lift of σ extending γ . 
12.9. Proposition. For Y ∈ Smk the sheaf Embn(−,Y ) is representable by a countable disjoint
union EYn :=
⊔
d>0E
Y
n,d of smooth quasi-projective varieties.
Proof. Denote by Embn(U,Y )d the set of couples (Z, f ) where Z is a closed l.c.i. subscheme of
A
n
U , finite of degree d and flat over U . Then Embn(−,Y )d is a subpresheaf of Embn(−,Y ), and
Embn(U,Y ) is the disjoint union of Embn(U,Y )d , d > 0, for any connected U ∈ Smk.
By [4, Lemma 5.1.3] the presheaf Embn(−,k)d is represented by a smooth quasi-projective
scheme Hilblcid (A
n). There is the universal finite flat map Wd → Hilblcid (An). Then the Weil
restriction functor RWd/Hilblcid (An)
(Wd ×kY ) coincides with Embn(−,Y )d and is represented by a
quasi-projective smooth scheme EYn,d over k by [3, 7.6.4-7.6.5]. 
The natural inclusions of affine spaces An → An+1 induce stabilization maps of pointed
sheaves Embn(−,Y )→ Embn+1(−,Y ). Denote by Emb(−,Y ) the pointed sheaf Emb(−,Y ) =
colimnEmbn(−,Y ). Note that forgetful maps F˜rMGLn (−,Y )→ Embn(−,Y ) are consistent with
the stabilization maps.
12.10. Corollary. The sheaf Emb(−,Y ) is isomorphic to a sequential colimit EY of smooth
quasi-projective varieties.
Proof. This follows from Proposition 12.9 and the fact that
⊔
d>0E
Y
n,d is colimk>0(E
Y
n,d1
⊔ ·· · ⊔
EYn,dk). Hence Emb(−,Y ) is isomorphic to EY := colimn,k>0(EYn,d1 ⊔ ·· ·⊔EYn,dk). 
We shall give an alternative description of the space C∗Emb(−,Y ) in terms of Ω-correspon-
dences studied in [15].
12.11. Definition. For X ,Y ∈ Smk denote by CorΩn (X ,Y ) the groupoid with objects given by
the set Embn(X ,Y ) whose morphisms between (Z1, f1) and (Z2, f2) are isomorphisms α : Z1 →
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Z2 such that piZ2α = piZ1 and f2α = f1, where piZi denotes the projection piZi : Zi → AnX → X .
The assignment X 7→ CorΩn (X ,Y ) defines a presheaf of groupoids on Smk. There are natural
stabilization maps CorΩn (−,Y )→CorΩn+1(−,Y ) induced by the natural inclusions AnX → An+1X .
Denote byCorΩ(X ,Y ) the colimit CorΩ(X ,Y ) = colimnCor
Ω
n (X ,Y ).
12.12. Lemma. Suppose f : X →Y is a l.c.i. embedding, g : X →W is any regular map andW
is regular. Then the map ( f ,g) : X → Y ×W is an l.c.i. embedding.
Proof. The map ( f ,g) is the composition X
Γg−→ : X ×W f×id−−−→Y ×W . The map f × id is a l.c.i.
embedding. The graph inclusion Γg : X → X ×W fits into the pullback diagram
X //
Γg

W

X ×W //W ×W
where the right arrow is the diagonal embedding. Since W is regular, the diagonal mapW →
W ×W is a l.c.i. embedding, so the ideal defining X in X×W is locally generated by n elements,
where n = dimW. Then Γg : X → X ×W is a l.c.i. embedding by Remark 11.5. Then the
composition of Γg and f × id is an l.c.i. embedding by [5, B.7.4]. 
12.13. Lemma. Let NCorΩ(X ,Y ) be the nerve of the groupoid CorΩ(X ,Y ). Then for a smooth
affine X and Y ∈ Smk the natural map f : Emb(X ,Y )→ NCorΩ(X ,Y ) induces a weak equiva-
lence of simplicial sets
C∗ f : C∗Emb(X ,Y )→C∗NCorΩ(X ,Y ).
Proof. Note thatC∗NCorΩ(X ,Y ) is a bisimplicial set withm-simplices given byC∗NmCorΩ(X ,Y ).
Thus it is sufficient to prove that for any m the map
C∗ f : C∗Emb(X ,Y )→C∗NmCorΩ(X ,Y )
is a weak equivalence of simplicial sets. Note that the map of presheaves f : Embn(−,Y )→
NmCor
Ω
n (−,Y ) is an inclusion admitting a retraction
p : NmCor
Ω
n (−,Y )→ Embn(−,Y )
that sends ((Z0, f0)
α0−→ (Z1, f1)→··· αm−1−−−→ (Zm, fm))∈NmCorΩn (X ,Y ) to (Z0, f0)∈Embn(X ,Y ).
For every smooth affine X and ((Z0, f0)
α0−→ (Z1, f1) α1−→ ·· · → (Zm, fm)) ∈ NmCorΩn (X ,Y )
consider the map
ri : Zi×A1 → AnX ×X AnX ×A1, (z, t) 7→ ((1− t)z+ tβi(z), t(t−1)z, t).
Here t denotes the coordinate on A1 and βi : Zi → Z0 is the isomorphism of X -schemes βi =
α−10 ◦ . . .◦α−1i−1.
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Note that ri is a map of schemes over A
1×X , the map ri, restricted to the fiber over (A1−
{0,1})×X , fits into the diagram
Zi×A1−{0,1} ri //
r′i **❚❚❚
❚❚❚
❚❚❚
❚❚❚
❚❚❚
❚
A
n
X ×X AnX × (A1−{0,1})
(x,y,t) 7→(x, y
t(t−1) ,t)

A
n
X ×X AnX × (A1−{0,1}),
where r′i : (z, t) 7→ ((1− t)z+ tβi(z),z, t) is a l.c.i. embedding by Lemma 12.12. The fiber of ri
over the points 0×X and 1×X is a l.c.i. embedding. Then the map ri is a l.c.i. embedding by
Lemma A.9.
Let us construct an A1-homotopy
H : NmCor
Ω
n (−,Y )→ NmCorΩ2n(A1×−,Y )
as follows. We set
H : ((Z0, f0)
α0−→ (Z1, f1) α1−→ . . . (Zm, fm)) 7→ ((Z′0, f ′0)
γ0−→ (Z′1, f ′1)
γ1−→ . . . . . . (Z′m, f ′m))
where Z′i is the image of the l.c.i. embedding ri, and the isomorphism γi equals the composition
Z′i → Zi×A1
αi×id−−−→ Zi+1×A1 ri+1−−→ Z′i+1.
ThenH0 : NmCor
Ω
n (−,Y )→NmCorΩ2n(−,Y ) is the stabilization map andH1 : NmCorΩn (−,Y )→
NmCor
Ω
2n(−,Y ) equals the composition
H1 : NmCor
Ω
n (−,Y )
p−→ Embn(−,Y ) f−→ NmCorΩn (−,Y ) stab−−→ NmCorΩ2n(−,Y ),
where the last arrow is the stabilization map. The A1-homotopy H gives rise to a simplicial
homotopy
H : C∗NmCorΩn (−,Y )×∆[1]→C∗NmCorΩ2n(−,Y ).
By construction, for any X we have H(C∗Embn(X ,Y )× ∆[1]) ⊆ C∗Emb2n(X ,Y ). Then by
Lemma 12.14 the map f : C∗Emb(X ,Y )→C∗NmCorΩ(X ,Y ) is a weak equivalence. 
12.14. Lemma. Suppose Xn ⊆ Xn+1 is a directed system of inclusions of simplicial sets, Yn ⊆
Yn+1 is a directed system of simplicial subsets Yn ⊆ Xn, and pn : Xn → Yn is a sequence of re-
tractions that agree with inclusions Xn ⊆ Xn+1 and Yn ⊆Yn+1. Assume that for every n there is a
homotopy H(n) : Xn×∆[1]→ X2n such that H(n)0 : Xn → X2n is the inclusion map, H(n)(Yn×
∆[1])⊆ Y2n, and the map H(n)1 : Xn → X2n equals the composition
Xn
pn−→Yn ⊆ Y2n ⊆ X2n.
Then the inclusion Y → X is a weak equivalence, where Y = colimnYn,X = colimnXn.
Proof. Consider a point y ∈ Yn. The inclusion map j : Xn → X2n and the composition f : Xn pn−→
Yn ⊆ X2n are homotopic by means of the homotopy H(n). Then the two induced maps
pii( j),pii( f ) : pii(Xn,y)→ pii(X2n,y)
differ by the action [γ ]∗ of the class [γ ] ∈ pi1(X2n,y) on pii(X2n,y), where γ is the loop given by
the image of the base point y under the homotopy H(n): γ : ∆[1]→ Yn,γ(t) = H(n)(y, t). Since
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the loop γ lies inside Yn, the action of [γ ] on pii(Y2n,y) preserves the image of pii(Yn,y) under the
inclusion map Yn → X2n. Then the image
pii( j)(pii(Xn,y)) = [γ ]∗pii( f )(pii(Xn,y))
lies inside the image of pii(Yn,y). Then pii(Y,y) → pii(X ,y) is surjective for any point y ∈ Y .
The existence of retractions pn implies that the map pii(Y,y)→ pii(X ,y) is also injective and for
every point x ∈ Xn the map t 7→ H(n)(x, t) gives a path between x and the point of Yn. We see
that pi0(Y )→ pi0(X) is surjective, and hence Y → X is a weak equivalence. 
Note that for any pointed finite set K the assignment
K 7→ Emb(X+∧K)
defines a sheaf of Γ-spaces. Denote by Emb(X+ ∧S) the corresponding S1-spectrum. For any
W ∈ Smk there is a canonical map
Emb(−,X)→ Emb(−×W,X ×W),
functorial inW ∈ Fr0(k). These two constructions give rise to a (S1,G∧1m )-bispectrum
(C∗Emb(X+∧S),C∗Emb(X+∧S∧G∧1m ), . . .).
Its structure maps literally repeat the construction of the structure maps for K-motives [8, Sec-
tion 3]. We also define a (S1,G∧1m )-bispectrum
(C∗NCorΩ(X+∧S),C∗NCorΩ(X+∧G∧1m ∧S), . . .)
in a similar fashion.
The following theorem computes MGMGL(X) as the above two bispectra.
12.15. Theorem. For X ∈ Smk there is a natural levelwise stable local equivalence between
(S1,G∧1m )-bispectra MGMGL(X) and
(C∗Emb(X+∧S),C∗Emb(X+∧G∧1m ∧S), . . .)
or
(C∗NCorΩ(X+∧S),C∗NCorΩ(X+∧G∧1m ∧S), . . .).
In particular, the (S1,G∧1m )-bispectra
(C∗Emb(X+∧S) f ,C∗Emb(X+∧G∧1m ∧S) f , . . .)
and
(C∗NCorΩ(X+∧S) f ,C∗NCorΩ(X+∧G∧1m ∧S) f , . . .)
are motivically fibrant and represent the T -spectrum X+ ∧MGL in the category of bispectra,
where “ f” refers to stable local fibrant replacements of S1-spectra.
Proof. The first claim follows from Proposition 11.22 and Lemmas 12.3,12.7,12.8,12.13. The
proof of Theorem 11.23 shows that the bispectra
(C∗Emb(X+∧S) f ,C∗Emb(X+∧G∧1m ∧S) f , . . .)
and
(C∗NCorΩ(X+∧S) f ,C∗NCorΩ(X+∧G∧1m ∧S) f , . . .)
47
are motivically fibrant and represent the T -spectrum X+∧MGL in the category of bispectra. 
We already know from Corollary 12.10 that the sheaf Emb(−,Y ) is isomorphic to a sequential
colimit EY of smooth quasi-projective varieties. Thus the (S1,G∧1m )-bispectrum
(Emb(X+∧S),Emb(X+∧G∧1m ∧S), . . .), X ∈ Smk,
can be presented as the (S1,G∧1m )-bispectrum (EX+∧S,EX+∧G
∧1
m ∧S, . . .). By construction, the
(i, j)-th term of the latter bispectrum is a sequential colimit of simplicial smooth quasi-projective
varieties EX+∧G
∧i
m ∧S j .
By using the preceding theorem, we therefore get the following result:
12.16. Theorem. The (S1,G∧1m )-bispectrum MGMGL(X) is isomorphic in SH(k) to the bispectrum
(EX+∧S,EX+∧G
∧1
m ∧S, . . .), each term of which is given by a sequential colimit of simplicial smooth
quasi-projective varieties EX+∧G
∧i
m ∧S j , i, j > 0.
APPENDIX A. TECHNICAL LEMMAS
In this section we recall standard facts about projective modules over Henselian pairs. Through-
out this section R denotes a Noetherian k-algebra. By 12.6 the set Gr(n,N)(R) equals the set of
rank n admissible submodules of RN . If R→ S is a map of k-algebras, by P⊗R S we shall mean
the image of P in SN . It gives an element of Gr(n,N)(S). It is important to recall from [22, Tag
089R] that Gr(n,N)(R) is functorial in R.
A.1. Lemma. Suppose (R, I) is a Henselian pair, and J is an ideal in R. Suppose B is an integral
R-algebra, and e′ ∈ B/IB, e′′ ∈ B/JB are two idempotents that coincide in B/(I+ J)B. Then
there is an idempotent e ∈ B such that e+ IB= e′ and e+ JB= e′′.
Proof. By [22, Tag 09XI] there is a bijections between idempotents in B and B/IB as well as
there is a bijection between idempotents in B/J and B/(I+ J)B. If e is an idempotent in B such
that e+ IB= e′, then e+ JB= e′′. 
Denote by Idempn(R) the set of idempotents of the matrix ring Mn(R).
A.2. Lemma. Suppose (R, I) is a Henselian pair, J is an ideal in R. Consider a diagram of sets:
Idempn(R)→ Idempn(R/I)× Idempn(R/J)⇒ Idempn(R/(I+ J)).
Suppose (x′,x′′)∈ Idempn(R/I)×Idempn(R/J) and the images of x′,x′′ coincide in Idempn(R/(I+
J)). Then there is x ∈ Idempn(R) such that the image of x in Idempn(R/I) equals x′, and the
image of x in Idemp(R/J) equals x′′.
Proof. There is a right exact sequence of R-modules
Mn(R)→Mn(R/I)⊕Mn(R/J)→Mn(R/(I+ J))→ 0.
Take a matrix y ∈ Mn(R) to be a preimage of (x′,x′′). Let f (t) ∈ R[t] be the characteristic
polynomial of the matrix y. Denote by B = R[t]/ f (t). We follow the proof of [22, Tag07M5].
Note that B is integral over R and there is a ring map g : B → Mn(R) that sends t to y. For
any prime ideal p containing J the image of f (t) in k(p)[t] is the characteristic polynomial of
an idempotent matrix, hence it divides tn(t − 1)n. Then tn(1− t)n ∈ √JB and there exists a
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constant N0 such that for any N > N0 the element t
N +(1− t)N is invertible in B/JB. It follows
that e′′ := t
N
tN+(1−t)N in B/JB is an idempotent and a preimage of x
′′ inMn(R/J). Likewise there
is a constant N1 such that for any N > N1 the element e
′ = t
N
tN+(1−t)N in B/IB is an idempotent
and a preimage of x′ in Mn(R/I). Then for N > max(N0,N1) the images of e′ and e′′ coincide
in B/(I+ J)B and by the previous lemma there is an idempotent e in B lifting e′ and e′′. Then
x= g(e) is an idempotent matrix inMn(R) such that the image of x inMn(R/I) equals x
′ and the
image of x in Mn(R/J) equals x
′′. 
A.3. Lemma. Suppose (R, I) is a Henselian pair, i : P ⊆ Rn is an admissible submodule. Then
i′ : P⊗R R/I ⊆ (R/I)n is an admissible submodule of (R/I)n. Assume that there is projection
pi ′ : (R/I)n → P⊗R R/I such that pi ′i′ = id. Then there is a projection pi : Rn → P such that
pii= id and pi⊗R/I = pi ′.
Proof. Let ei, i = 1, . . . ,n, denote the standard basis of R
n and let e¯i be the standard basis of
(R/I)n. Take a map p : Rn → P sending ei to some preimage of pi ′(e¯i). Then p◦ i is an endo-
morphism of P such that (p◦ i)⊗R R/I is the identity endomorphism of P⊗RR/I. Then p◦ i is
invertible by Nakayama’s lemma. It follows that pi = (p◦ i)−1p : Rn → P is a projection onto P
lifting pi ′ and pi ◦ i= id. 
A.4. Lemma. Suppose (R, I) is a Henselian pair, J is an ideal in R. Suppose P1 ∈Gr(n,N)(R/I)
and P2 ∈Gr(n,N)(R/J) are such that P1⊗R/I (R/I+J) = P2⊗R/J (R/I+J) in Gr(n,N)(R/(I+
J)). Then there is P∈Gr(n,N)(R) such that P⊗RR/I = P1 in Gr(n,N)(R/I) and P⊗RR/J = P2
in Gr(n,N)(R/J).
Proof. Choose a projection p1 : (R/I)
N → P1. Then p1 ⊗R/I R/(I + J) is a projection onto
P1⊗R/I R/(I+ J) = P2⊗R/J R/(I+ J). The pair (R/J, I/I ∩ J) is Henselian by [22, Tag 09XK],
then by Lemma A.3 there is a projection p2 : (R/J)
N → P2 that lifts p1⊗R/I R/(I+ J). Then
A1 = i1p1 and A2 = i2p2 are idempotents that coincide in IdempN(R/(I+ J)). By Lemma A.2
there is an idempotent A ∈ IdempN(R) such that A⊗R R/I = A1 and A⊗ R/J = A2. Then
P= A(RN) is an element of Gr(n,N)(R) such that P⊗R/I = P1 and P⊗R/J = P2. 
A.5. Lemma. Suppose (R, I) is a Henselian pair and J is an ideal in R. Suppose f1 : SpecR/I→
Gr(n) and f2 : SpecR/J→Gr(n) coincide on SpecR/(I+J). Then there is f : SpecR→Gr(n)
that extends f1 and f2.
Proof. This follows from the previous lemma and the fact that Gr(n)(R) = colimNGr(n,N)(R).

In the ring R[∆n] denote by t the product t = t0 . . . tn of barycentric coordinates in R[∆
n]. For
any R[∆n]-module we denote by Mt the localization Mt =M⊗R[∆n]R[∆n][1/t].
A.6. Lemma. Suppose ∂B is a finite flat R[∂∆n]-algebra, M is a finitely generated projective
∂B-module, P ⊆ (∂B)N is an admissible submodule, and for every i = 0, . . . ,n there is an iso-
morphism fi : ∂iM→ ∂iP, and for every i, j the maps fi⊗∂iB ∂i jB and f j⊗∂ jB ∂i jB coincide on
∂i jM (see Definition 12.2). Then there is an isomorphism f : M→ P such that f ⊗∂iB= fi.
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Proof. There is a left exact sequence of R[∂∆n]-modules
0→ R[∂∆n]→⊕ni=0R[∂i∆n]→⊕i< jR[∂i j∆n].
Tensoring it with ∂B over R[∂∆n], we get a left exact sequence for every projective ∂B-module.
The maps fi induce a commutative square in the following diagram
0 // M // ⊕i∂iM //
fi

⊕i< j∂i jM
fi j

0 // P // ⊕i∂iP // ⊕i< j∂i jP.
Since ∂B is flat R[∂∆n], both M and P are flat as R[∂∆n]-modules, then the rows in the diagram
are exact, as they are obtained by tensoring with the left exact sequence above. Then there is a
unique isomorphism f : M→ P that makes the diagram commutative. 
A.7. Lemma. Suppose M is a finitely generated projective R[∆n]-module. A map
f : M→ R[∆n]N
is an admissible embedding if and only if its restriction to the boundary
f ⊗R[∂∆n] : M⊗R[∆n]R[∂∆n]→ R[∂∆n]N
is an admissible embedding and the localized map
ft : Mt → R[∆n]Nt
is an admissible embedding.
Proof. Let K and C denote the kernel and cokernel of f respectively. We need to check that
K = 0 andC is projective. Note that K is a submodule of a free finite rank R[∆n]-module. Since t
is not a zero divisor in R[∆n], then the localization map K→Kt is injective and Kt = ker( ft) = 0,
hence K = 0. Let r denote the rank of M. For every maximal ideal m of R[∆n] if t /∈ m then
Cm is a localization of Ct , hence it is a free module of rank N − r. If t ∈ m, then C/mC is a
free module of rank N− r. By Nakayama’s lemma there is a surjection g : R[∆n]N−rm →Cm of
modules over the local ring R[∆n]m. Then localization (Cm)t is a localization of the projective
module Ct of rank N− r. Then (Cm)t is projective of rank N− r. Since gt is a surjective map
between projective modules of the same rank, then it is an isomorphism, and so Ker(g)t = 0.
Then Ker(g) = 0, since Ker(g) is a submodule of the free module R[∆n]N−rm , and t is not a zero
divisor of R[∆n]. 
A.8. Lemma. Suppose M is a finitely generated projective R[∆n]-module. Assume that there is
an admissible embedding f ′ : M⊗R[∆n] R[∂∆n]→ R[∂∆n]N . Then there is a number d and an
admissible embedding f : M→ R[∆n]N⊕R[∆n]d such that the map
f ⊗R[∂∆n] : M⊗R[∆n]R[∂∆n]→ R[∂∆n]N⊕R[∂∆n]d
equals the composition of f ′ and the standard embedding R[∂∆n]N → R[∂∆n]N⊕R[∂∆n]d .
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Proof. Consider some admissible embedding j : M→ R[∆n]d and some projection p : R[∆n]d →
M such that p◦ j = idM . Let e1, . . . ,ed denote the standard basis of R[∆n]d and let e¯1, . . . , e¯d be
the standard basis of R[∂∆n]d . Consider the composition
R[∂∆n]d
p⊗id−−−→M⊗R[∆n]R[∂∆n] f
′
−→ R[∂∆n]N .
For i = 1, . . . ,d take xi ∈ R[∆n]N to be any preimage of f ′((p⊗ id)(e¯i)) ∈ R[∂∆n]N . Then there
is a homomorphism
F : R[∆n]d → R[∆n]N⊕R[∆n]d , ei 7→ (xi,(t0t1 . . . tn)ei),
where t0, . . . , tn denote the coordinates in the ring R[∆
n]. Take f : M→ R[∆n]N⊕R[∆n]d to be the
composition f = F ◦ j. Let us check that f is an admissible embedding.
Note that f ⊗R[∆n] R[∂∆n] is the composition of f ′ and the standard embedding R[∂∆n]N →
R[∂∆n]N ⊕R[∂∆n]d . In particular, f ⊗R[∆n] R[∂∆n] is an admissible embedding.
The localization ft : Mt →R[∆n]N+dt is the composition of Ft ◦ jt and Ft fits into a commutative
triangle
R[∆n]dt
g⊕id //
Ft &&◆◆
◆◆
◆◆
◆◆
◆◆
◆
R[∆n]Nt ⊕R[∆n]dt
R[∆n]Nt ⊕R[∆n]dt
id⊕ 1
t
id
OO
where g : R[∆n]dt → R[∆n]Nt is the map that sends ei to xi. The right arrow of the triangle is an
isomorphism and g⊕ id is an admissible embedding. Then Ft is an admissible embedding, and
hence so is ft . By Lemma A.7 f is an admissible embedding. 
A.9. Lemma. Suppose X is an affine variety over k, A and Y are equidimensional flat affine X-
schemes, A→ X is finite, Y is Cohen–Macaulay, and f : A→Y is a morphism over X. Suppose
Z is a closed subset of X and the map on the fiber products fZ : A×X Z→Y ×X Z and A×X (X−
Z)→Y ×X (X −Z) are l.c.i. embeddings. Then f is an l.c.i. embedding.
Proof. Denote by n = dimY − dimA and let AZ (resp. YZ , AX−Z, YX−Z) be the fiber product
A×X Z (respectively Y ×X Z, A×X (X − Z), Y ×X (X − Z)). Let us check that k[Y ] → k[A]
is surjective. For every point x ∈ X if x ∈ X − Z, then the localization map k[Y ]x → k[A]x is
surjective. If x ∈ Z, then the map k[Y ]⊗k[X ] k(x)→ k[A]⊗k[X ] k(x) is surjective. It follows from
Nakayama’s lemma that the map on localizations k[Y ]x → k[A]x is surjective. Then k[Y ]→ k[A]
is surjective, hence A→ Y is a closed embedding. Let I denote the kernel of k[Y ]→ k[A]. For
every point y ∈Y if y is in YX−Z , then Iy is generated by a regular sequence of length n. If y is in
YZ , the sequence
0→ Iy⊗k[X ] k[Z]→ k[YZ ]y → k[AZ]y → 0
is exact, because k[A] is flat over k[X ]. Then Iy⊗k[X ] k[Z] is generated by n elements over k[YZ ]y,
hence Iy⊗k[Y ]y k(y) is generated by n elements. By Nakayama’s lemma Iy is generated by n
elements. Since A has codimension n in Y , these elements form a regular sequence [1, III.4.5].
Then A is an l.c.i. subscheme in Y . 
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